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ABSTRACT

Davis, Nathan J. Ph.D., Purdue University, May 2016. Mechanical Dispersion of SemiSolid Binders in High-Shear Granulation: Major Professor: James D. Litster.

Granulation is an important industrial process used to produce many foods,
medicines, consumer products, and industrial intermediate products. This thesis focuses
on high shear wet granulation with the specific case study of detergent manufacture using
a high shear pin mixer. The key rate process in detergent manufacturing was determined
to be the mechanical dispersion of the semi-solid surfactant binder. The pin mixer and
mechanical dispersion utilized experiments, population balance models, and discrete
element method (DEM) models.
The mechanical dispersion of the surfactant binder was studied using a lab scale 6
liter pin mixer. An experimental method was developed to isolate mechanical dispersion
from the other rate processes of granulation. Experiments were conducted over a range of
impeller speeds, mixing times, and surfactant injection temperatures. Two surfactants
where used each with different yield stresses. The yield stresses of both surfactants were
characterized using uniaxial compression tests and extrapolated to the impact speeds
observed in the pin mixer. Using the yield stress to calculate the Stokes deformation
number revealed that the breakage of surfactant would occur at all impact conditions in
the pin mixer. The mechanical dispersion results demonstrated that the rate process could

xvii
be modeled as a breakage process. The results determined that the key parameter
governing the mechanical dispersion of paste was the number of revolutions of the
impeller. This implies that impaction or sudden stress from the impeller is the mechanism
that causes nuclei breakage.
The results of the mechanical dispersion experiments were then used to develop a
mechanistic semi-empirical model. Because the results indicated that breakage should
occur for every impact with the impeller, the model was based on particle impact
efficiency between the impeller and nuclei. The impact efficiency was described in a way
similar to particle gas filtration where the Stokes number is the characteristic
dimensionless group. The population balance model was breakage only and was able to
accurately predict the full size distributions of the surfactant nuclei. The results showed
that the model was able to accurately account for the effect of tip speed and number of
revolutions. This was found by fitting the simulation to a single impeller speed and then
predicting the size distributions by varying only the velocity input.
Finally, a DEM unit shear cell was developed to understand the transmission of
stress from a bulk material to a single large particle of interest similar to surfactant nuclei.
The simulation examined the effect of both shear rate, placement of the large particle, and
the material properties. The results determined that the material properties used in the
simulation had a much greater effect on the shear profile and stress in the shear cell than
the effect of the macroscopic shear rate. Using the von Mises yield criteria, the results
demonstrated that the shear cell transmitted more stress to the large particle than the yield
stress characterized experimentally from the surfactant. The results indicate that the
surfactant should break in shear within the pin mixer.

xviii
Mechanical dispersion has been successfully modeled for the case of detergent
granulation in the pin mixer. The combined results demonstrate that mechanical
dispersion of surfactant can be modeled as a breakage process. The number of impeller
orations and the Stokes number are key parameters to accurately describe and model the
simulation. The surfactant should break apart due to both impact and shear within the
granulator.
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CHAPTER 1. INTRODUCTION AND OBJECTIVES

1.1

Introduction

Granulation is a common process used to turn one or more primary powders into
granules. Fine powders can have many undesirable properties including strong cohesive
forces, poor flowabilty, and, in the case of powder blends, segregation. Creating granules
out of the primary powders helps alleviate these problems by creating a product with
more desirable properties. The created granules can either be the final product or an
intermediate for use in a further process.
Examples of granulation are wide spread across many industries that handle
powder materials including home chemicals such as dry laundry detergent, iron ore
processing, intermediate materials such as enzymes, pharmaceutical powders for
tableting, and others. In all of these applications, granulation is used to address one of the
undesirable characteristics of the fine powders or powder blends that make up the product.
Good granulation processes allow for particle design by controlling granule properties
especially porosity, composition, and size. Consistent granule properties minimize waste
and recycle in industrial process improving yield and reducing cost.
Several different methods have been developed to produce granules with desired
properties. Broadly, granulation can be separated into dry and wet granulation. During
granulation, the initial powders are combined either with a liquid binder, wet granulation,
or without a binder, dry granulation. Dry granulation, such as roll compaction, relies on
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inter-particle or inter-molecular bond formation to hold the granule together. In contrast,
wet granulation typically uses the liquid to form the bonds between particles. Wet
granulation is more difficult to model than dry granulation because of the presence of
both a liquid and solid phase. Due to the complexity of wet granulation and the variety of
industries that use the process, many different types of granulators have been developed
for different applications (see Table 1.1.).
Table 1.1 Types of granulators in industrial applications

Granulator

Type of
Example
Granulation Applications

Vertical High
Shear Mixer
(VHSM)

Wet, High
Shear
Batch

Pharmaceuticals

Horizontal
High Shear
Mixer (HHSM)

Wet, High
Shear,
Batch or
Continuous

Laundry Detergent,
Enzymes

Fluid Bed
Granulator

Wet, Low
shear
Simultaneous
Drying
Batch or
Continuous

Melt Granulation

Image
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Table 1.1 Continued
Granulator

Type of
Granulation
Wet, High
Shear
Continuous

Example
Applications
Pharmaceuticals
with liquids

Roll
Compaction

Dry,
Compaction,
Milling
Continuous

Solid only
pharmaceuticals

Tumbling
Drum

Wet, Low
Shear
Batch

Twin Screw
Granulator

Image

Although granulation is a commonly used process, modeling of granulation and
especially wet granulation is very difficult and current models are not predictive. The
foundation for modern wet granulation modeling was proposed by Ennis and Litster,1,2
and describes granulation as a combination of three rate processes. The rate processes,
are (i) wetting and nucleation, (ii) consolidation and coalescence, and (iii) attrition and
breakage (Figure 1.1). Quantifying, and combining these rate process into a single model
has been the focus of current research in the field. However, despite the large amount of
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research conducted in the 15 years since these publications, the complex and stochastic
nature of granulation has kept predictive modeling of granulation out of reach.

Figure 1.1.1 The three rate processes of granulation. Adapted from Litster and Ennis
20042.

The state of the art for granulation models is currently multi-scale compartment
modeling3. Compartment models combine current state of the art models including use
semi-empirical or first principle physical models, discrete element method (DEM)
models, population balance modeling (PBM), and others. These models are applied to the
micro or particle scale, the meso or granule scale, and the macro or granulator scale. First
principle or physical models typically focus on the micro scale looking at primary
particles and individual granules. These models attempt to create a mathematical model
for the three rate process of granulation and many competing models exist3–5. Such
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models predict how primary particles nucleate, how granules densify and coalesce, and
other rate processes.
DEM modeling has been used at all scales of granulation to determine
information such as bulk powder flow (marcro), granule-granule collisions (meso) and
inter granule structure (micro). DEM models are computer simulations that solve the
equations of motion for a domain of interacting particles. In these simulations, idealized
granule interactions can be measured providing information such as granule collision rate
and energy, force distributions, and particle velocity. These simulations are handicapped
by the limit to current computer power that prevents the number of particles in the
simulation from exceeding the order of 106 for even the most robust simulations.
Population balance modeling focuses on the meso and macro scale. It is an
approach that keeps track of the number of granules that have a specific value of a
property or properties such as particle size. Granules will change state based on the
boundary conditions and the current state of the granules described mathematically in a
kernel. In granulation modeling, kernels are developed for specific rate process using
physical or empirical models and may require information from another model such as
DEM.
An interesting case study for granulation is the production of dry powder laundry
detergent. This process uses two horizontal high shear mixers a plow mixer and a pin
mixer. The materials for this process include a powder blend and a highly viscous semisolid paste6. Most prior literature on granulation uses low viscosity, atomized fluids.
There is limited work on using semi-solid pastes as binders in granulation. Additionally,
several studies in the literature look at a similar case study but in a horizontal plow
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mixer7. During the pin mixer granulation, the paste is broken up into a distribution of
fragments through mechanical dispersion, a nucleation process. The relative simplicity of
the system and initial conditions makes this process a good choice for the study of
mechanical dispersion. Implementation of mechanical dispersion in a population balance
model will provide the first step in a predictive model of the granulator.
1.2

Thesis Objectives

Mechanical Dispersion is very important in the many granulation processes but is
not well understood in the literature. The horizontal high shear pin mixer provides an
opportunity to develop experiments isolating mechanical dispersion from the other rate
processes to produce a population balance model of only mechanical dispersion.
The goal of this thesis is to produce a population balance model of Mechanical
Dispersion in the horizontal high shear Pin Mixer granulator. This will be the first study
characterizing mechanical dispersion of semi-solid binders. The specific objectives to
complete these goals are to:
1. Experimentally isolate mechanical dispersion from the other rate processes in the
pin mixer and demonstrate the effect of material properties and operating
conditions on mechanical dispersion.
2. Develop a population balance model and rate equation that incorporates material
properties, operating conditions, and process knowledge to predict the full particle
size distribution of the pi mixer over time.
3. Validate the model using data collected under objective 1.
4. Develop a DEM model of a shear cell to characterize the stress of a large particle
in a shear bed and compare this to yield criteria.
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1.3

Thesis Outline

The thesis is divided into several chapters to meet the objectives.
Chapter 2 is a review of the relevant literature in granulation. The chapter surveys
the granulation rate processes, previous studies with similar materials, population balance
modeling as applied to granulation, and DEM modelling of particulate flows. This
chapter demonstrates that the proposed objectives fill existing gaps in the literature.
Chapter 3 describes the experimental set up for the pin mixer mechanical
dispersion experiments. The experiments use a model system of zeolite and surfactant.
The material properties of the zeolite and surfactant are characterized. The experimental
system varies surfactant injection temperature, impeller RPM, and mixing time. The
resulting particle size distributions are characterized and the Sauter mean size is used to
demonstrate the effect of granulator operating conditions.
Chapter 4 describes the implementation of the population balance in gSOLIDS to
model the system used in chapter 3. The chapter describes the derivation of a new
physically inspired breakage kernel to describe the pin mixer. The model incorporates
measurable parameters including granular strength and velocity to track the entire particle
size distribution with time. The sensitivity to, and confidence of, the estimated
parameters are also discussed.
Chapter 5 describes the development of a discrete element method simulation of a
particle shear cell. The shear cell contains one large particle in a bed of smaller particles.
The stress observed on the large particle is characterized and compared to yield criteria in
the literature. Additionally, the effects of simulation parameters on the stress are also
examined to determine the sensitivity of the results.
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Chapter 6 summarizes the contributions of the previous chapters and suggests
several future directions for study in the area. Appendices are also included to provide
supporting information as a stepping stone for future work.
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CHAPTER 2. LITERATURE REVIEW

2.1

Rate Processes in Granulation

The modern view of the granulation process is a system of three rate processes; (1)
Wetting and Nucleation, (2) Consolidation and Growth, and (3) Attrition and Breakage1.
Due to their complexity, a large number of models exist for each of the rate processes.
During a typical granulation, all of the rate processes are occurring to various degrees
depending on location within the granulator.
2.1.1

Wetting and Nucleation

The nucleation and wetting rate process is the mechanism where liquid binder and
unwet powder come together to form granule nuclei. Although the relative size of the
drop to the powder is important, granulation generally focuses on the case when the drop
is much larger than the primary powders. There are two mechanisms for wetting when
the liquid drop size is larger than the primary powder, immersion and solid spreading8.
The mechanisms are controlled by thermodynamics of the surface and interface energies
between the components. Figure 2.1 shows immersion occurs when the liquid-solid
spreading coefficient (λLS) is positive and liquid is distributed into the powered bed by
wetting and capillary action. In this case it is energetically favorable for the binder to
increase the amount of surface area in contact with the powder. Solid spreading occurs
when the solid-liquid spreading coefficient (λSL) is positive and the binder reduces the
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contact area with the powder such as with hydrophobic powders where the particles coat
the liquid center forming liquid marbles9,10.

Figure 2.1.1 Nucleation mechanism for case when liquid drop size is larger than particle
size. Adapted from Hapgood et al. 10.

Granule nucleation is strongly affected not only by material properties but also the
operating conditions of the granulator. The nucleation mechanism has been separated into
a regime map developed by Hapgood et al.11 The regime map, Figure 2.2, has three
regions, drop controlled, mechanical dispersion, and an intermediate region. The author
assumes that the binder is liquid and spray nozzles are the means of liquid addition. The
regime map is separated by material properties on the vertical excess and equipment
properties on the horizontal axis.
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Figure 2.1.2 Nucleation regime map proposed by Hapgood et al.11.

Eqn. 2.1 defines the dimensionless spray flux (Ψa).The dimensionless spray flux
is a ratio of the flux of powder through the spray zone to the flux of the binder being
sprayed on the region.
𝛹𝑎 =

3𝑉̇
2𝐴̇𝑑𝑑

(2.1)

Where 𝑉̇ is the volumetric flow rate of liquid binder, 𝐴̇ is the flux of the particle bed
surface in the spray zone, and dd the average droplet diameter. At high dimensionless
spry fluxes, the rate of liquid hitting the particle bed is large relative to the flux of the
powder bed surface. This leads to drop overlap and mechanical dispersion in the bottom
left of the regime map. The interaction of multiple drops has been observed
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experimentally, and reduces control of the nucleation mechanism and has a large effect
on the nuclei size distribution11–13.
Eqn. 2.2 gives the ratio of the drop penetration time to the time required for a particle to
make a cycle through the granulator back to the spray zone.
𝜏𝑝 =

𝑡𝑝

(2.2)

𝑡𝑐

Where tp is given by Eqn. 2.3:
𝑡𝑝 = 1.35 𝜀2

2⁄3

𝑉𝑑

𝜇

𝑒𝑓𝑓 𝑅𝑒𝑓𝑓 𝛾𝑙𝑣 cos 𝜃

(2.3)

Vd is the volume of the droplet, εeff is the powder bed porosity, Reff is the effective
radius of pores in the bed, μ is the fluid viscosity, γLV is the liquid surface tension, and Θ
is the dynamic contact angle between the liquid and solid. The drop penetration time is a
function of the particle, particle bed, and liquid binder properties. It should be noted that
this equation predicts that the drop penetration time is directly proportional to the binder
viscosity. This means that for high viscosity or semisolid binders, the nucleation and
wetting is likely within the mechanical dispersion regime regardless of the granulator
operating conditions.
A large and robust body of work exists either characterizing the drop controlled
regime or regime map seperation9,10,13–18. Research has focused on this area because
operation in the drop controlled regime gives better control over granules and granular
properties11. However, mechanical dispersion is not always avoidable. A few studies have
focused on mechanical dispersion regime along both axial extremes of the nucleation
regime map.
Wildboer et al.17 explored the effect of over-wetting using Monte Carlo to predict
droplet distribution obtaining a Poisson distribution. This was extended by Hapgood et
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al.18 The authors validated the model for spray fluxes in the drop controlled nucleation
regime, but found poor agreement at higher spray fluxes. This error was attributed to the
presence of a bimodal distribution in the experimental data at large spray fluxes that the
Poisson distribution does not predict.
Foam granulation has been explored and under some conditions is classified as
mechanical dispersion19,20. These studies focus on the effect of the bed penetration time
of foam. The penetration time was found to behave as mechanical dispersion with high
quality foam that would not penetrate the powder bed. However, these results do not
apply to semi-solid binders which are discrete dense pastes.
Solid and semi-solid binders are used in melt granulation21. Typically melt
granulation is used in fluidized bed granulators. The binder melts in the hot fluidizing gas
and then forms nuclei. The process operates in the drop controlled regime where each
binder particle melts and forms a nucleus. The nucleus then grows from coalescence with
the surrounding material. Hounslow et al.22 proposed an immersion mechanism as the
method of nucleation for single liquid drops applicable to melt granulation. In these cases
the binder is not mechanically dispersed. Instead, the binder begins as a discrete droplets
and form individual granule nuclei.
Schaefer et al. in a series of studies23–25 investigated melt granulation in a vertical
high shear mixer. These parametric studies focused on agglomeration of pellets rather
than mechanical dispersion of the initial binder droplets.
In a series of studies6,26–28, Rough et al. used the same dry laundry materials as the
case study for this thesis including the use of the semi-solid binder. These studies used a
vertical high shear mixer to create granules. The results allowed the granulation of pastes
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to be plotted on granulation regime maps for coalescence and growth and showed the
evolution of bulk particle properties with time. However, the authors used limited
characterization techniques including bulk and tap densities, and image analysis to place
the granules on a series of regime maps for the other rate processes. Although the authors
did measure particle size distributions, the mechanical dispersion of the binder was not
studied or modeled.
None of these studies are able to provide insight into how to quantify and model
the mechanical dispersion of a semi-solid binder. Melt granulation treats the binder as
pre-nucleated and studies with similar materials were not robust. The mechanical
dispersion of paste must describe how large pure binder particles are converted into
smaller binder nuclei.

2.1.2

Consolidation and Coalescence

Consolidation and coalescence is the second rate process. It encompasses the
mechanisms describing the way granules densify and agglomerate. Since granule size and
porosity are very important properties in particle design, control over this rate process is
very important in obtaining the desired product.
2.1.2.1 Consolidation
During consolidation a granule reduces its pore volume and increase in density.
This occurs when granules are impacted by both other particles and equipment surfaces.
After an impact a granule that is not perfectly elastic will retain some deformation. This
deformation results in reduced pore volume in between the primary particles.
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Several models have been proposed to model the consolidation process including
both empirical29 and theoretical models30–32. In the empirical model proposed by Iveson29,
after a large number of impacts a granule will reach what is called the minimum porosity.
This model is a three phase model that includes the solid, liquid, and gas volumes to
calculate porosity. Eqn. 2.4 describes this process as an exponential decay in the porosity
ε, based on number of impacts N. In this equation εmin is the minimum porosity, ε0 is the
initial porosity and k is a fitting parameter.
𝜀−𝜀𝑚𝑖𝑛
𝜀0 −𝜀𝑚𝑖𝑛

= 𝑒 −𝑘𝑁

(2.4)

There are two theoretical models of consolidation2. The first developed by
Ouchiyama and Tanaka32 focuses on capillary forces as the way the granules are held
together. In this model, granules densify and the coordination number of the primary
particles increases creating more liquid bridges between the primary particles. Eqn. 2.5
shows the rate of change in porosity (ε) as a function of compaction time (τ) and is a
function of Kε the dimensionless granule compaction rate that is inversely proportional to
viscosity and surface tension. The resulting minimum porosity equation, eqn. 2.6, is
dependent on the on the dimensionless granule compaction rate.
𝑑𝜀
𝑑𝜏

≅ {1 −

(1−𝜀𝑚𝑖𝑛 )3
𝜀𝑚𝑖𝑛

(1−𝜀)3 1
𝜀

𝐾𝜀

}

1

=𝐾

𝜀

(2.5)
(2.6)

Eqn. 2. 7 is the second theoretical model developed by Ennis et. al.31 This model
uses the viscous stokes number Stv as the independent variable in the consolidation rate.
The viscous Stokes number, eqn. 2.8, is a ratio of the impact forces to the viscous forces
within the granule. The viscous forces form the binder have an important effect on
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consolidation29. To account for these forces, this model uses viscous dissipation as the
primary source of energy dissipation in the granule. The model accounts for the viscous
dissipation by proposing a string of particles connected by liquid bridges and determines
the energy absorbed in the string due to viscous dissipation.
Δx
ℎ

= 1 − 𝑒𝑥𝑝(−𝑆𝑡𝑣 )

(2.7)

where Δx is the change in size, h is the thickness of liquid on the surface of the particles,
and Stv is the Stokes deformation defined for a spherical particle as:
𝑆𝑡𝑣 =

4𝜌𝑔 𝑈𝑐 𝑑𝑔

(2.8)

9µ

Where ρp is the granule density, Uc is the characteristic velocity, dg is the granule
diameter, and μ is the fluid viscosity. In this model, the amount of deformation (Δx) is an
exponential function of viscous Stokes number. At high viscous Stokes number, the
impact forces are much greater than the viscous forces and the model predicts a large
amount of deformation. As viscosity increase, or the collision energy decrease, the
viscous Stokes number is lower and the relatively larger viscous forces retard the
deformation.
More recently, the immersion nucleation model 2 proposed by Hounslow et al.22
could be considered a consolidation model. In this model the authors propose that powder
will be assimilated by an initial drop of liquid by repeated deformations. The form of this
model is the same as that of eqn. 2.4 proposed by Iveson. However this model is a two
phase model for liquid and solid whereas the Iveson model is three phase for solid liquid
and gas. Eqn. 2. 9 describes the size of the nuclei, v, at a given time t.

𝑣≅

𝑣𝐿
𝜙𝑐𝑝

(1 − (1 − 𝜙𝑐𝑝 )𝑒

−

2/3
12𝐷𝑒𝑓𝑓 𝜙𝑐𝑝 𝑡̂
ℎ2
0

)

(2.9)
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In this equation vL is the volume of liquid, φcp is the volume fraction of the critical
packing state, Deff is the binary effective diffusivity, and h0 is the half thickness of the
nuclei. This expression is related to the consolidation of the nuclei. In the long time limit,
the volume approaches the maximum nuclei volume of the volume of liquid divide by the
critical packing fraction. This model is dependent on the diffusivity assumption which
requires validation, and is not likely to be true for surfactant pastes since particles must
be physically pushed into the paste rather than agglomerating through diffusion.
The importance of consolidation is primarily from its effect on granule internal
structure. Granule porosity is a very important parameter in predicting the final properties
of the granule and consolidation reduces the porosity. The reduction in porosity also
reduces the available volume for liquid binder that is squeezed to the surface. The liquid
binder on the surface promotes coalescence between other particles or granules.
2.1.2.2 Coalescence
During coalescence, two granules will combine into a new granule with the combined
mass of the parent granules. The vast majority of models focus on binary collisions
between particles of varying sizes33–36 (Figure 2.3). Whether or not two granules or
particles will coalescence is determined by both the collision energy and the material
properties. Material properties such as viscosity along with granule properties including
yield strength, size and surface liquid, have a large effect on the coalescence mechanism.

18

Figure 2.1.3 Schematic of two liquid bound granules coalescing adapted from Iveson et al
20011.

The availability of surface liquid is considered to be one of the most important
parameters in determining both whether and how to particles will coalesce2. Liquid can
reach the surface of granules during coalescence if the internal pores are saturated leaving
nowhere else for the liquid to go. The resulting granules are considered to undergo a
binary collision resulting in the possibility of viscous dissipation, plastic deformation,
and capillary bridge forces. Whether or not to granules will coalesce is dependent on the
strength of these forces compared to the impact velocity. If the impact energy is
sufficiently large, the particles will undergo consolidation and deformation, fail to
coalesce, and rebound away from each other. To take the wide range of properties into
account, a regime map, Figure 2.4, developed by Liu et. al.34, has separated the process
into two mechanisms, Type I and Type II coalescence.
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Figure 2.1.4 Regime map showing the solution to the coalescence mechanisms34.

This regime map is quantified by the viscous Stokes number on the vertical axis
and the Stokes deformation number on the horizontal axis. The Stokes deformation
number, Eqn. 2.10, is a ratio of the strength of the granule to the energy of an impact. In
this equation, m is the mass of the granule, U0 is the impact velocity, D is the granule
diameter, and Yd is the yield stress.
𝑚𝑈 2

𝑆𝑡𝑑𝑒𝑓 = 2𝐷3 𝑌0

𝑑

(2.10)

The rebound region is where granules fail to coalesce due to a combination of weak intergranular forces and high collision energy. Type I Coalescence occurs at low collision
energy where the viscous dissipation is sufficient to stop the granule surfaces from
coming into contact. In this case there is no deformation of the particles and a liquid
bridge holds the two granules together. In Type II Coalescence, granule deformation
plays a significant role in dissipating the kinetic energy of the collision. In this case,
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particles do deform with the Stokes deformation number indicating the amount of energy
absorbed. After the plastic deformation the resulting liquid bridge is enough to prevent
the granules from separating keeping them coalesced.
Combining consolidation and coalesce together describes the growth of the
granules during a granulation. Consolidation effects the porosity and liquid saturation that
in turn allows for coalescence. Another regime map, Figure 2.5, developed by Iveson et.
al.37,38 separates the growth mechanisms by maximum pore saturation and Stokes
deformation number. The maximum pore saturation smax is a measure of liquid content
compared to the total available pore volume and is an indicator of whether surface liquid
will appear.
The regions on the map are separated by the availability of liquid and the strength
of the granule or impact energy. At low amounts of liquid, the growth is either nucleation
only, or dry free flowing. In the free-flowing region too little liquid is available for
growth and granules are broken apart due to the high stokes deformation number. In
contrast, all though the nucleation region also has too little liquid for coalescence and
growth, the granules are strong enough to remain intact.
Once a sufficient amount of liquid is introduced growth can be achieved in either
the induction or steady growth regime. In the induction growth, strong granules resist
deformation and have a maturation time before liquid becomes available. Once liquid is
available the coalescence and growth proceeds rapidly. In steady growth liquid is steadily
brought to the surface allowing for consistent growth.
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a)

b)

Figure 2.1.5 Growth regime map (a) and validated map (b) adapted from Iveson et al.37,38

Finally, the Crumb and Slurry regions describe weak granules of high stokes
deformation number. With a large amount of liquid and weak granules the slurry region

22
is reached as discrete granules fall apart. In the crumb region granules rapidly coalesce
and fall apart again without achieving a consistent granular product. In general steady
growth is the most desirable region as it provides the greatest control over granular
properties and is the most easily predictable.
2.1.3 Breakage and Attrition
Breakage and attrition are the rate processes that are responsible for reducing
particle size. Breakage is primarily the fracturing of a larger particle into two or more
smaller particles, while attrition is the abrasion of particles generating fines much smaller
than the original particle. Iveson et al. (2001)1 and Reynolds et al. (2005)39 reviews
several literature breakage theories encompassing several scales and focusing on different
forces such as Van der Waals, capillary, and solid bridges. The majority of work cited in
these reviews focus on the breakage of materials by crack propagation which is important
for brittle or elastic particles.
The application of breakage models is very material specific. Breakage in brittle
materials is described by crack propagation, Eqn. 2.11. This is the model pioneered by
Rumph et al40. In this equation Kc is the fracture toughness, T is a fitting parameter, σf is
the applied stress, c is the crack length, and δc is the diameter of the process zone where
the crack forms. This equation is useful for dry granules but not for wet granules with
viscous and capillary forces1.
𝐾𝑐 = 𝑇𝜎𝑓 √𝜋(𝑐 + 𝛿𝑐 )

(2.11)

Tardos et al.12, used the Stokes number to predict breakage. This model evaluates
the Stokes deformation number, eqn. 2.12. In this version of the Stokes deformation
number, τ0 is the yield stress, γ is the shear rate, a is the particle diameter, and 𝜌 p is the
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particle density. For this model the breakage of a particle occurs if the stresses of the
∗
particle exceed some critical stokes deformation number𝑆𝑡𝑑𝑒𝑓 > 𝑆𝑡𝑑𝑒𝑓
. Additionally,

granules are assumed to behave as Herschel-Bulkley fluids.
𝑆𝑡𝑑𝑒𝑓 =

𝜌𝑝 𝑎2 γ2
2𝜏0

(2.12)

For the case study in this thesis, the binder is a Heschel-Bulkely or Bingham
plastic fluid. The methods developed by Tardos et al. can be easily applied to the
surfactant paste binder of the case study. Using this model the mechanical dispersion of
paste through the granulator is modeled as a breakage process. The conditions for
breakage are defined by the critical stokes deformation number and is a function of the
material properties.
Another model not included in these reviews developed by Vogel and Peukert
(2003)41–44 represents breakage as a probability function based on the Weibull
distribution and coupled with a breakage distribution. In this paper, the authors
demonstrate a method to use a modified hammer mill without a screen to break a large
number of particles in a way that mimics a single particle breakage test. The multiple
particle breakage greatly reduces the amount of time necessary to complete a
representative sample. This model is primarily useful for granules that will easily
fragment instead of undergo attrition. However, the experimental protocol to mimic
single granule experiments is very useful.
Other breakage models exist based on correlations and various first principle
models. Bika et al.45 summarizes many of them. These models make various
improvements for specific granule cases but are not necessary to go into full detail.
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However, the author does point out the use of the Herschel-Bulkley model for fluids as a
method for characterizing wet agglomerate strength.
2.1.4 Rate Processes Summary
A large number of models have been developed for the various rate processes. So
far no standard practice has been developed to decide which model to use. Many of these
models use assumptions, such as binary collisions, that may be quite poor in an actual
granulator. The literature has shown that isolating rate processes is an important step in
developing physical models. Although some work has been done with the materials of
interest, no model for mechanical dispersion of a semi-solid binder has been developed.
Tardos et al. showed that granule breakage occurs when the Stokes deformation number
exceeds a critical limit. This can readily be applied to the binder in the case study and
define the rate of mechanical dispersion as a breakage rate.
2.2
2.2.1

Population Balance Modeling
Population Balance Model Theory

Population balance models are state of the art for granulation models46,47. In
granulation, population balance models (PBMs) keep track of the number of granules, or
particles, in the system. Granules are classified based on one or more independent
variables such as particle size for 1D models and volume of solid, volume of liquid, and
volume of air for 3D models. The population balance equation, eqn. 2.13, 2.14, is
analogous to a mass or energy balance but for the case of a discrete population.
𝑟𝑎𝑡𝑒 𝑜𝑓 𝑐ℎ𝑎𝑛𝑔𝑒 𝑖𝑛 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒𝑠 𝑤𝑖𝑡ℎ 𝑑𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑒𝑑 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦 𝑣𝑎𝑙𝑢𝑒 𝑣 = 𝑖𝑛 −
𝑜𝑢𝑡 + 𝑔𝑒𝑛 + (𝑏𝑖𝑟𝑡ℎ − 𝑑𝑒𝑎𝑡ℎ)

(2.13)
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𝜕𝑉𝑛(𝑣,𝑡)
𝜕𝑡

𝜕(𝐺
= 𝑄̇𝑖𝑛 𝑛𝑖𝑛 (𝑣, 𝑡) − 𝑄̇𝑜𝑢𝑡 𝑛𝑜𝑢𝑡 (𝑣, 𝑡) − 𝑉

∗ −𝐴∗ )𝑛(𝑣,𝑡)

𝜕𝑣

+ 𝑉(𝑏̇(𝑣)𝑛𝑢𝑐 + 𝑏̇(𝑣)𝑐𝑜𝑎𝑙 +

𝑏̇(𝑣)𝑏𝑟 − 𝑑̇ (𝑣)𝑐𝑜𝑎𝑙 − 𝑑̇(𝑣)𝑏𝑟 )

(2.14)

𝑛(𝑣, 𝑡)is the number of particles with distributed property v. 𝑄̇𝑖𝑛 is the flow rate
of particles into the system, 𝑄̇𝑜𝑢𝑡 is the flow rate of particles out of the system. The third
term is the steady growth term with G* as the growth rate and A* as the attrition rate.
The population balance deals with discrete entities instead of a continuum. Therefore, it
is possible for two individual granules to coalesce into a new granule. The new granule
will be “born” and added to the population while the two older granules will cease to
exist, “die” and be removed from the population. Birth, 𝑏̇(𝑣), can happen due to
nucleation, coalescence, or breakage while death, 𝑑̇ (𝑣), only occurs due to coalescence of
smaller particles or breakage of larger particles.
There has been moderate success in developing population balance kernels
describing breakage. Eqn. 2.15 and 2.16 show the general forms of the breakage kernel.
∞
𝑏̇(𝑣)𝑏𝑟 = 𝑉 ∫𝑣 𝜙(𝑢, 𝑣)𝐾𝑏𝑟𝑒𝑎𝑘 (𝑢)𝑛(𝑢)𝑑𝑢

(2.15)

𝑑̇ (𝑣)𝑏𝑟 = −𝑉𝐾𝑏𝑟𝑒𝑎𝑘 (𝑣)𝑛(𝑣)

(2.16)

where 𝑏̇(𝑣)𝑏𝑟 is the birth rate and 𝑑̇ (𝑣)𝑏𝑟 is the death rate of particles of volume v per
unit volume, V is the volume of the system, 𝜙(𝑢, 𝑣)is the fraction of particles of size u
that break into size v, Kbreak(u) is the breakage rate of particles of volume u, n(u) is the
number of particles of volume u. The left hand side of the equation is integrated by
particle volume over the entire domain of particles from the volume of the daughter
particle v to the largest size in the domain.
Table 2.1 is non exhaustive list of proposed breakage kernels used in granulation
models. The size independent, product type, sum type, sum of powers, and discrete
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homogeneous are all empirical correlations using various functions of particle size to
model particle breakage. They contain many fitting parameters which make them poor at
predicting particle breakage a priori. The Semi-empirical and Austin models contain
some physical emphasis such as shear rate or the size adjustment parameters. The
mechanistic breakage kernel, Vogel & Peukert, and Capece models all use some physical
description of breakage to develop the population balance kernel.
The Vogel & Peukert and Capece kernels both use fracture mechanics as a basis
of deriving the population balance kernels. Particles are said to be able to break if the
impact energy is greater than the internal strength of the material to resist breakage. In
fracture mechanics this is a function of the number and size of the flaws in the particle
which is size dependent. However, particles fracturing due to crack propagation may be a
poor model for soft wet agglomerates typical in granulation. Other models exist in the
literature for the breakage of hard materials, however they are beyond the scope of
granule breakage.
Picking the appropriate breakage kernel to use in population balance modeling for
granulation is still difficult. There is currently no formal approach for deciding which set
of kernels to use in population balance modeling. Additionally, the large variety of
granulator types and granulation make it difficult to develop a singular kernel useful for
all granulation conditions.
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Table 2.1 Proposed breakage kernels in the literature. Expanded from Kumar et al. 20135
Kernel Name and Parameters
Size Independent
Semi-empirical breakage kernel:48
G: shear rate, D: diameter
P1, P2 : fitting
Product type:49
B : beta function
v(y): y > 1 number of paste fragments
q > 0, parameter
Sum Type:50
B : beta function,
v(y): y > 1 number of paste fragments
q > 0, parameter
Sum of Powers:51
ci : fitting parameter
ki : power fitting parameter
Discrete homogeneous52
ci : fitting parameter
ai : fitting parameter
Mechanistic Breakage:53
F : particle density
WA : total wall surface area
SA : particle surface area
IA : impeller surface area
Na = Avogadro’s constant
za,upper = upper limits on volumes
Vogel & Peukert41:
kbreak : breakage fitting constant
fMat : mass based strength parameter
k : number of impacts
Wm,kin : mass specific impact energy
Wm,min : minimum energy required for
particle breakage

Equation
Particle size given by (z)
𝐾𝑏𝑟𝑒𝑎𝑘 (𝑧) = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡
𝑃1 𝐺𝑠ℎ𝑒𝑎𝑟 (𝐷(𝑧))
𝐾𝑏𝑟𝑒𝑎𝑘 (𝑧) =
2

𝑃2

𝑧 𝑞−1 (1 − 𝑧)𝑞(𝑣−1)−1
𝐵(𝑞, 𝑞(𝑣 − 1))

𝐾𝑏𝑟𝑒𝑎𝑘 (𝑧) =

𝑧 𝑞−1 (1−𝑧)𝑣−2

𝐾𝑏𝑟𝑒𝑎𝑘 (𝑧) =

𝐵(𝑞,𝑣−1)

(1−𝑧)𝑞+𝑣−3

+ (𝑣 − 1) 𝐵(1,𝑞+𝑣−2)
𝑐

𝑖
𝐾𝑏𝑟𝑒𝑎𝑘 (𝑧) = ∑𝑛𝑖=1 𝑐𝑖 𝑧 𝑘𝑖 with ∑𝑛𝑖=1 𝑘 +2
=1
𝑖

-2< ki < inf
𝐾𝑏𝑟𝑒𝑎𝑘 (𝑧) = ∑

𝑛

𝑎𝑖 𝛿(𝑧 − 𝑐𝑖 )

𝑖=1

𝐾𝑏𝑟𝑒𝑎𝑘 (𝑧𝑎 ) =
𝑧

∑𝑧𝑎−𝑢𝑝𝑝𝑒𝑟
=1
𝑎
𝑤𝑎𝑙𝑙
𝜎𝑒𝑥𝑡 (𝑧𝑎 )

𝜎𝑖𝑛𝑡 (𝑧𝑎 )
𝑓𝑙𝑢𝑖𝑑

𝜎𝑒𝑥𝑡

𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒

𝜎𝑒𝑥𝑡

(𝑧𝑎 ,𝑧𝑏 )

𝜎𝑖𝑛𝑡 (𝑧𝑎 )
𝑊𝐴

+
𝑆𝐴+𝑊𝐴+𝐼𝐴

𝑆𝐴(𝑧 )

𝑎
𝐹(𝑧𝑎 )𝑁𝑎 𝑆𝐴+𝑊𝐴+𝐼𝐴
+

𝑖𝑚𝑝𝑒𝑙𝑙𝑒𝑟

𝜎𝑒𝑥𝑡

(𝑧𝑎 )

𝜎𝑖𝑛𝑡 (𝑧𝑎 )

𝐼𝐴
𝑆𝐴+𝑊𝐴+𝐼𝐴

+

(𝑧𝑎 )

𝜎𝑖𝑛𝑡 (𝑧𝑎 )

𝐾𝑏𝑟𝑒𝑎𝑘 (𝑧) = 𝑘𝑏𝑟𝑒𝑎𝑘 [1
− 𝑒 −𝑓𝑀𝑎𝑡𝑘𝑧 (𝑊𝑚,𝑘𝑖𝑛 −𝑊𝑚,𝑚𝑖𝑛,𝑧 ) ]
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Table 2.1 Continued
Kernel Name and Parameters
Capece54:
fMat : material strength parameter
fcoll,l,z : collision/impact frequency
Em,kin : mass specific impact energy
Em,min : threshold impact energy
L : total number of energy bins
i : size index
t : time index
Austin (1984)55:
zcritical : critical particle size
μ : size adjustment parameter
a : constant rate of breakage
α, Λ : fitting parameters

Equation
Particle size given by (z)
𝐿

𝐾𝑏𝑟𝑒𝑎𝑘 (𝑧𝑖,𝑡 ) = 𝑓𝑀𝑎𝑡 𝑧𝑖,𝑡 ∑ 𝑓𝑐𝑜𝑙𝑙,𝑖,𝑙,𝑡 (𝐸𝑚,𝑘𝑖𝑛
𝑙=1

− 𝐸𝑚,𝑚𝑖𝑛,𝑖 )

𝐾𝑏𝑟𝑒𝑎𝑘 (𝑧)
𝛼
𝑧
𝑎(
) (
=
𝑧𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙

{

1
𝑧 𝛬
1 + (𝜇 )

) 𝑓𝑜𝑟 𝑧 ≥ 𝑧𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙

0 𝑓𝑜𝑟 𝑧 < 𝑧𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙

The kernels shown in table 2.1 are all for one dimensional population balance
models based on the size of the particles. The 1 dimensional population balance model
can only keep track of one parameter of the population typically size (z) or volume (v).
The limit of 1D population balance models is higher order interactions in the population
can only be functions of the population parameter or time.
The limits of 1D size has been a concern for many years56. Differences in the
population of granules such as liquid content and porosity are known to have a large
effect on granulations. These attributes of granules require a higher order population
balance model to adequately develop predictive models of granulation. However, the ease
of developing a 1D population balance model has seen their continued use in appropriate
systems such as milling breakage42,57.
Computational time is a major limitation on multidimensional population balance
modelling58. Increasing the number of dimensions has a power affect increase on the
number of bins in the solution space. Additionally, while the one dimensional population
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balance model has been solved59, the numerical methods used to solve the population
balance equation is also important. A review of numerical methods are beyond the scope
of this literature review but should be understood before applying multidimensional
population balance models. Despite these limitations, there are several studies on
multidimensional population balance models and kernel s53,58,60–66. The results have
shown an improved ability to account for granule properties and improved ability to
predict the transient granulation population.
2.2.2

Multiscale and Compartment Modeling

Applying population balance models to entire granulators is challenging.
Multidimensional population balance models allow the properties of the granules to be
included in the process model. However, different regions within the granulator may
result in different rate process or different rate process intensities i.e. a mill for breakage
or a spray zone for wetting and nucleation. The discrete nature of particles also makes
particle-particle interaction and particle flow from region to region difficult to model.
These weaknesses of population balance modeling have been addressed by using
multiscale and/or compartment models3.
Multiscale modeling is the method of using multiple computational simulations to
describe different levels of material interactions. The interaction of material at the
particle level is difficult to describe with a physical model using population balance
models alone. Discrete Element Method (DEM) models or Computational Fluid
Dynamics (CFD) models can be used to describe the flow of material within a granulator.
Additionally, if the granulator is divided into multiple compartments the flow between
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compartments can be approximated from these models. DEM models can also be used to
determine the stress or collision of material within a process.
Compartment modeling is the method of dividing the equipment to be modeled
into several regions where particles experience similar rate processes. This is commonly
done heuristically by examine the equipment and separating the rate process by region i.e.
breakage occurs near the chopper. An alternative to a heuristic division is to divide the
population of particles into compartments based on particle attributes such as velocity, or
whether particle surface is exposed to the spray zone67.
Freireich and Li in a series of papers developed a 1D population balance
compartment model for a coating process in a Forberg mixer. The authors used DEM
models to describe quantify the flow of particles within the mixer. The divided the mixer
into two regions, spray region and bed region as seen in figure 2.6. The spray region is
defined by calculating which particles have exposed surface area to the spray and is
modeled a single continuous stirred take reactor (CSTR). The bed region is defined as all
the remaining particles and is modeled as a series of CSTR’s each with its own
population balance equation. The authors found good agreement between the particle
coating population balance model and experiments. This case is simpler than granulation
since coating is the only rate processes.
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Figure 2.2.1 Forberg mixer coater and compartment model adapted from Li et al 201168.

In addition to the Forberg mixer, there are several attempts in the literature to
complete multiscale compartment models of granulators and coaters. Table 2.2
summarizes many of these attempts.
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Table 2.2 Summary of multiscale population balance models in the literature.
Particle Equipment
Forberg mixer
coater
Vertical high shear
mixer
Xi Yu69
Spheronizer
Bouffard et al.70

Fluid bed
granulation
Börner et al.64
Fluid bed
granulation
Liu et al.71
High Shear
Granulator
Chaudhury et al.72
Barrasso et al.73

Modeling Techniques
DEM,
1D PB,
compartment
CFD,
Monte Carlo,
2D PB
multi compartment
DEM,
Monte Carlo,
1D PB
3 compartment
1D PB
2 compartment

Rate processes
Layering/coating

CFD
1D PB
2 compartment
Coupled DEM-PB
3D PB
Multi compartment

Nucleation, Aggregation,
Breakage

Nucleation, coalescence, breakage

Nucleation, agglomeration,
breakage

Nucleation, Layering/growth

Nucleation, Agglomeration,
Breakage

Recent work at the University of Sheffield by Xi Yu69 has developed a
compartment model for a vertical high shear mixer. The five compartments are defined
heuristically with an impeller, spray, chopper, and 2 bed zones. This compartment model
uses CFD to determine flow fields, and Monte Carlo simulations to determine the
residence time distributions of the compartments. The population balance is 2D with
solid volume and liquid volume as the distributed parameters. The model includes
nucleation, coalescence, and breakage rate processes, but neglects growth.
Bouffard et al.70 developed a compartment model for a spheronizer. The
spheronizer geometry is simpler than the vertical high shear mixer. The model has three
compartments, shear, bulk, and wetting zone. DEM is used to obtain particle flow
information and a Monte Carlo based PBM model to model the compartments.
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Several authors have studied multiscale modeling of fluid bed granulators64,71,74–76.
Börner et al.64 developed a compartment model for a Wurster fluidized bed granulation.
This model obtained particle flow information using a first principles gas velocity
solution and validated using image analysis. The Population balance is 1D with particle
size as the distributed variable. The model uses two compartments to separate the fluid
bed granulator. More recent models such as by Liu et al.71 have improved on earlier work
producing more predictive models. However, these models are not very useful for a direct
comparison to the case study because it is low shear.
Chaudhury et al.72 and Barrasso et al.73 developed models for high shear
granulation. This model is unique in that it uses a coupled DEM-PM simulation with a
3D population balance model. The DEM simulation provides collision information to the
population balance model which then returns breakage and agglomeration information.
The DEM then updates the simulation population size using the information. This model
allows the DEM simulation to provide up to date information to the population balance
model. The models are very complex but are able to capture the largest amount of
physical information. However, calibrating the model can be difficult and the results may
be very sensitive to the DEM simulation which was not validated.
The multiscale compartment models establish the feasibility of implementing a
multiscale compartment model for granulation. The literature shows that both single and
multi-dimensional population balances are reasonable along with DEM, Monte-Carlo,
and CFD models. However, validation remains a key concern since often the DEM or
CFD models are not independently validated. Additionally, the large number of equations
and compartments introduce a large number of fitting parameters that reduce the
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predictability of the model. The studies show that simpler systems such as coaters are
produce more confident and simpler models. The complex granulation models were not
simplified and validated to study single rate processes independently.
2.3

Discrete Element Method Modelling

Discrete Element Method (DEM) is a modeling technique used to simulate the
motion of a large number of particles. In a DEM simulation individual particles are given
a mass, size, and a set of initial conditions for translational and angular velocity. The
simulation then solves the Newtons’ laws of motion for the complete population of
particles for a series of time steps to generate particle flow information. DEM modeling
has become increasingly popular over the last few decades partially due to increasing
computer power but also due to the availability of relatively easy to use software such as
EDEM, Figure 2.7, and LIGGGHTS to build models. DEM models provide detailed
information on the particle level. Information from a DEM model can include velocities,
kinetic energy, collision frequency, and other particle scale information.
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Figure 2.3.1 DEM Vertical High Shear Mixer system in EDEM.

DEM models have been used to study a large number of particle systems
including granulators, fluid beds, mixers, and individual particles77. These models derive
a variety of information from the DEM simulations. A non-exhaustive list includes
modeling of rate processes78–81, granular mixing81–83, particle coating67,84, particle flow
information81,85–87, and scale up88.
DEM models rely on underlying contact models to determine how particle will
behave in contact. These models typically follow the soft-sphere spring and dashpot
interaction first developed by Cundall and Strack89. The soft sphere model allows for
particles to overlap where a hard-sphere model prevents particle overlap by applying a
force to keep the particles from overlapping. The collision model consists of both normal
and tangential forces combined to form an overall particle-particle interaction Figure 2.8.
Both the normal and tangential forces can be described as spring and dashpot with the
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total force in each direction being the sum of both a linear spring for elastic repulsion,
and a linear or non-linear viscous damper for viscous dissipation eqn. 2.17.

Figure 2.3.2 Normal and tangential forces shown together using spring and dashpot
models for each and a friction slider in the tangential direction. Image adapted from Gantt
et. al. 200678.

𝑛
𝐹⃑ 𝑛 = 𝐹⃑𝑒𝑙𝑛 +𝐹⃑𝑑𝑖𝑠𝑠

(2.17)

A large number of models have been reviewed for both normal forces and
tangential forces90–93. These models provide various improvements of the Cundall and
Strack model, including physically meaningful parameters, at the cost of greater
complexity. These collision models use various types of spring and dashpot types to
create summarized in Table 2.3. Notably, Hertz theory, or Hertzian Springs, are often
used in granular modeling for elastic primary particles that tend to have high coefficients
of restitution of restitution. The specific equations for each model is beyond the scope of
this review.
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Table 2.3 Collison Model types and examples. Adapted from Stevens et. al. 200592 and
Freireich et. al. 200994.
Spring Type
Linear Spring
Hysteretic Spring
Hertzian Spring
Hertzian spring
JKR improved Hertz
DMT improved Hertz

Particle Regime
Empirical
Elastic-Plastic
Viscoelastic
Viscoelastic
Elastic
Elastic

Examples
Cundall and Strack89
Walton and Braun95, Thornton80
Lee and Herrmann96, others97–100
Kuwabara and Kono101, others102,103
Johnson Kendall Roberts104
Derjaguin Muller Toporov105

Unfortunately, current computational limits put a limit on the number of particles
that can be simulated in a reasonable time. While typical lab scale granular systems have
a minimum number of particles on the order of 109. Current simulations are capped at
around 106 particles. This discrepancy has been avoided by both decreasing the size of
the simulation domain and by increasing particle size.
Decreasing the size of the simulation domain has been achieved by dividing the
larger system into periodic segments106. The segment or “unit cell” is given periodic
boundary conditions. Figure 2.9 shows the breakup of a granule in a 2D shear field
developed by Tardos et al.106 In this model the granule is modeled by a combination of
primary particles with liquid bridge forces holding the granule together. At high stokes
deformation numbers, the granule shears apart while at lower values it merely deforms.
The unit cell here provides information to the higher level models. The model is only 2D
limiting the use in 3D models. Additionally, the use of a liquid binder network to hold the
granule together is difficult to calibrate.
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Figure 2.3.3 DEM 2D shear cell showing granule breakup at high stokes deformation
numbers. Adapted from Tardos et al. 2000106.

Similar to the work by Tardos, Adams et al 199880 used DEM to coalesce two
granules figure 2.10. These granules are also constructed out of primary particles
connected by liquid bridges. These DEM models are both models of rate processes.
Simulations like these can be used to obtain information for the rate processes. However,
it is important that proper validation is completed on the DEM model.
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Figure 2.3.4 2D coalescence of granules. Adapted from Adams et al. 199880

DEM simulations have also been used to look at the development of stress in a
particle bed. In a series of studies by Ghadiri and collaborators85,107–109, the authors
studied the hydrostatic and deviatoric stress in sheared medium. The authors studied a
unit cell within a granulator and determined the mean deviatoric and hydrostatic stress in
a series of regions in the granulator. Characterizing the stress on the particle population is
important since particle stress, velocity, and particle-particle interactions form the basis
of the rate processes in granulation.
The results showed the effect of position and operating conditions on the stress.
The results provided a good foundation for further work examining the stress on granules
in powered beds. However, the authors only examined low strain rates far below what is
observed in typical granulations. Additionally, validation of shear rates in high shear
granulators is difficult was not completed in the studies.
In addition to direct rate process modeling, DEM modelling has also been used to
obtain population balance kernel information.54,55 In this case, Cameron et al use DEM
data to obtain the collision rate within a slice of a vertical high shear granulator. The
collision rate is used in the coalescence kernel to calculate the rate of agglomeration. The
DEM model uses a very dilute particle phase at low RPM making it an unrealistic
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simulation. In addition, these simulations have the same issue as the previous unit cell
models, i.e. the models use collision scale data that is not validated.
Freireich et al 200994, preformed a sensitivity analysis on a DEM data for a
rotating drum. The results showed that bulk properties such as velocity flow fields were
insensitive to the simulation parameters. However, collision scale data are strongly
affected by parameter variance. Because of these results, it is important to validate the
DEM model at the scale that the information is going to be gathered.
DEM model validation typically compares particle flow fields in an experimental
system with those generated in the simulation. Positron emission particle tracking (PEPT)
has been used to statistically determine the special residence times of particles by
comparing the simulation to special data of a single particle in a running granulator110,111.
In this method an irradiated particle is added to a granulator and the radiation is detected
to determine the particle position. After a large measuring time it is assumed that the
particle has occupied all available regions and the positional frequency can be compared
to a DEM simulation. Another method uses image analysis either by direct measurement
of particle velocities84 or by color labeling of particles82,83. However, these methods
focus on the macroscopic easily measured properties of the particle bulk powder. The
validation of macro level trends such as particle flow does not validate the particle scale
behavior such as collision frequency94. It is important to attempt to validate DEM
simulations at the same physical scale as the data of interest.
An important use of DEM modeling is developing particle flow information and
residence times in granulator equipment for compartment models. DEM was used by
several of the compartment models mentioned in section 2.2.2. DEM simulations are
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ideal for these models since they can provide macroscopic position information that is
more readily validated than the particle level information.
For example, Freireich and Li used DEM to obtain the flow rates in their
compartment model.67 This was made easy by having a 1:1 ratio between the number of
particles in the simulation and the number of particles in the experimental set up. To use
this method in systems where the particle number ratio is not equal, the required data
would be in terms of mass fraction instead of number of particles.
2.4

Literature Review Summary

The review of the literature applicable to the case study has revealed several
opportunities for deeper investigation. The key findings of this review are:
1. Previous work using the same materials as the current study focused only on
qualitative regime mapping and not modeling. The rate process of mechanical
dispersion has not been explored in the literature for materials that behave like a
semi-solid. The experiments did not isolate individual rate processes and revealed
a hole in the physical understanding of the mechanical dispersion process. The
case study geometry of the pin mixer is a geometry that is understudied in the
literature compared to twin screw granulation and fluid bed granulation.
2. There are a large number of breakage kernels for population balance models in
the literature. Several of these have been demonstrated to successfully model
breakage in the granulation process. However, many of these models are
empirical and do not use either material properties or operating parameters of the
equipment. Development of a mechanistic model will require the use of both.
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3. Compartment models have been demonstrated as a powerful combination of tools
in granulation modeling. However, many recent attempts try to combine too much
into a single model that is difficult to validate. Many studies have focused on
implementing DEM into population balance models. These models typically use
unit cells of real granulators that are difficult to validate. Obtaining particle scale
data using a model that can be validated is necessary to improve confidence in the
model.
Each of these gaps in the literature correspond to the thesis objectives described earlier
indicating their importance and novelty.
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CHAPTER 3. MECHANICAL DISPERSION OF SEMI-SOLID BINDERS IN HIGH
SHEAR GRANULATION

3.1

Introduction

In this chapter, the mechanical dispersion of a semi-solid surfactant paste examined.
As described in the literature review, mechanical dispersion is an important but
understudied rate process in granulation. The objective of this chapter is to identify the
mechanism of mechanical dispersion and determine the important parameters governing
the rate process. The objective is achieved by:
1. Derivation of a mechanistic and physically based model of mechanical dispersion
in the pin mixer.
2. Characterization of the materials used in detergent granulation including the
powder size and density, and the yield stress of the surfactant.
3. Development of an experimental procedure that isolates mechanical dispersion
from the other rate processes.
4. Identification of the important parameters governing mechanical dispersion.
Two surfactants with different rheological properties are compared. It is
hypothesized that mechanical dispersion can be treated as an impact breakage process. In
this mechanism, granule nuclei are hit by the fast moving impeller causing a size
reduction of the initial binder inlet stream.
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3.2

Theory

Semi solid binders such as those used in detergent granulation cannot be atomized
using a spray nozzle. For these materials the binder must be mechanically broken into
granule nuclei that are agglomerated into the product granules. In detergent granulation
the mechanical dispersion of the semi-solid binder can be accomplished in a pin mixer.
This geometry uses high speed pins to break up the incoming stream of binder into nuclei.
The breakage of semi-solid surfactants into nuclei may possibly occur through
two mechanisms, impact or shear. The impact mechanism describes binder particles
being physically hit by the pin and breaking apart. The shear mechanism describes binder
particles breaking due to the shear stress applied in annular region of powder flow and
particularly in the small gap between the pin tip and the wall. Both of these mechanisms
are governed by the rotational speed of the granulator. A high impeller speed will
increase both the number of impacts per unit time and the intensity of both impacts and
the shear field in the area around the pins. Consider breakage by impact with the pin.
The breakage rate is:
𝐾𝑏𝑟𝑒𝑎𝑘 = 𝑁̇ ∗ 𝜂 ∗ 𝑃𝑏𝑟𝑒𝑎𝑘𝑎𝑔𝑒

(3.1)

where Kbreak is the breakage rate (breakage selection function), 𝑁̇ is the number of times
an impeller passes a point in the granulator per unit time, η is the probability of impact
occurring for each impeller pass, and Pbreakage is the probability of breakage given that an
impact has occurred. 𝑁̇ will be a function of the impeller geometry and proportional to
the angular velocity of the pin 𝜔. During a rotation of the impeller a single paste particle
has the opportunity to experience a maximum of 4 pin impacts since the granulator
impeller has 4 groups of pins offset at 90o. Therefore:
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𝑁̇ = 8𝜋𝜔
3.2.1

(3.2)

Probability of breakage given an impact has occurred

It is postulated that breakage will occur if the stress applied to a paste particle
during impact with the pin exceeds the plastic yield stress of the particle. Kousaka112
evaluated the breakage of agglomerate in a fluid flow by both shear and impact. The
model assumes spherical particles and produces a relationship for the maximum tensile
stress through the plane going through the particle center which is the maximum tensile
stress in the particle.
2

𝑣

𝜎 = 3 𝜌𝑝 𝑑𝑝 (𝑡 𝑖 )
𝑝

(3.3)

where ρp is the density of the agglomerate, dp, is the diameter of the agglomerate, vi is the
velocity of the impact, and tp is the impact time. This equation can be used to determine
the stress on a particle due to impact at a velocity of vi. According to Tabor113, the impact
time Δt will be dominated by the plastic flow of the deformable material. This time can
be calculated using the equation derived by Tabor for a spherical particle:
1

𝜋𝑀

𝑡𝑝 = 2 √𝑝𝑑

𝑝

(3.4)

where M is the mass of the particle which can be determined using the volume and
density of the spherical particle, p is the mean contact pressure, and dp is the diameter of
the particle. The pressure p is the contact force, F, divided by the contact area, A:
𝐹

𝑝=𝐴

(3.5)

The contact force is can be defined as the impact velocity divided by the impact
time tp. If the contact area is assumed to be the circle of radius a that defines a spherical
cap of height h, then the equation for pressure becomes:
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𝑀𝑣𝑖 ⁄𝑡𝑝

𝑝=

(3.6)

𝜋𝑎2

where a2 is given by:
𝑎 2 = 𝑑𝑝 ℎ − ℎ 2

(3.7)

The height of the cap h is equal to the tip speed multiplied by the impaction time:
ℎ = 𝑣𝑖 𝑡𝑝

(3.8)

resulting in a final equation for the contact pressure:
𝑀

𝑝 = 𝜋𝑡 2 (𝑑
𝑝

(3.9)

𝑝 −𝑣𝑖 𝑡𝑝 )

Substituting from eqn. 3.9 for pressure into eqn. 3.4 for the impact time gives:
1

𝑡𝑝 = 2 √

𝜋𝑀

(3.10)

𝑀
𝑑𝑝
𝜋𝑡2
𝑝 (𝑑𝑝 −𝑣𝑖 𝑡𝑝 )

which reduces to:
4

𝑑𝑝

𝑡𝑝 = (1 − 𝜋2 ) 𝑣

(3.11)

𝑖

Substituting for tp from eqn. 3.11 into eqn. 3.3 for tensile stress gives:
2

4

−1

2

4

−1

𝜎 = 3 (1 − 𝜋2 )

𝜌𝑝 𝑣𝑖2

(3.12)

𝜌𝑝 𝑣𝑖2 > 𝜏

(3.13)

Thus, breakage will occur if:
𝜎 = 3 (1 − 𝜋2 )
Rearranging:
𝑆𝑡𝑑𝑒𝑓 =

𝜌𝑝 𝑣𝑖2
2𝜏

3

4

> 4 (1 − 𝜋2 ) = 0.45

(3.14)

Eqn. 3.14 describes of the probability of breakage using only experimentally
determinable quantities. An immediate observation of this equation is the lack of size
dependence on the probability of breakage. Large particles are usually considered more
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likely to break then smaller ones due to the presence of larger flaws. However, for this
derivation the material does not break by crack propagation. Additionally, this derivation
describes the probably of breakage given that an impact has occurred. The size
dependence of breakage is contained in the impact efficiency η not the probability of
breakage given an impact has occurred (see below).
∗
Eqn. 3.14 predicts the critical value of the Stokes deformation number (𝑆𝑡𝑑𝑒𝑓
) to

be 0.45. This is similar to the value estimated for granules under different impeller
conditions by Smith et al.114 As there is no size dependence on the probability of
breakage given an impact has occurred, particles of all sizes are expected to break if they
experience an impact. Thus:
𝑃𝑏𝑟𝑒𝑎𝑘

1
={
0

∗
𝑆𝑡𝑑𝑒𝑓 > 𝑆𝑡𝑑𝑒𝑓
∗
𝑆𝑡𝑑𝑒𝑓 < 𝑆𝑡𝑑𝑒𝑓

(3.15)

∗
Due to the high velocity of the pin, it is expected that 𝑆𝑡𝑑𝑒𝑓 ≫ 𝑆𝑡𝑑𝑒𝑓
except for extremely

stiff pastes. That is to say 𝑃𝑏𝑟𝑒𝑎𝑘 = 1. Therefore, over a wide range of paste rheology,
the paste size distribution will not be a function of paste yield stress.
3.2.2

Impact Efficiency

The analysis of the Pbreak term has demonstrated that the critical parameter
governing mechanical dispersion in the pin mixer is the impact efficiency between the
impeller and nuclei. However, a given particle may not experience all 4 impacts during a
single rotation. This phenomenon is accounted for in the impact efficiency η.
The impact efficiency describes the ability for nuclei to avoid pins by remaining in the
bulk material. Large particles are more likely to impact the impeller for two reasons. First
larger particles occupy more space and are therefore more likely to extend into the swept
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volume of the impeller. Additionally, smaller particles with low inertia may be carried in
the stream lines of the bulk material and be swept away from contact with the pin. The
probability of impact should increase with increasing impeller speed as the inertia of the
particle relative to the pin will increase. Combining eqn. 3.1, 3.2 and 3.15 yields:
𝐾𝑏𝑟𝑒𝑎𝑘 = 8𝜋𝜔 ∗ 𝑃𝑏𝑟𝑒𝑎𝑘 (𝑆𝑡𝑑𝑒𝑓 ) ∗ 𝜂(𝑥, 𝜔)

(3.16)

or
𝐾𝑏𝑟𝑒𝑎𝑘

(
(

𝐾𝑏𝑟𝑒𝑎𝑘
2𝜋𝜔

2𝜋𝜔

) = 4 ∗ 𝑃𝑏𝑟𝑒𝑎𝑘 (𝑆𝑡𝑑𝑒𝑓 ) ∗ 𝜂(𝑥, 𝜔)

(3.17)

) is the number of breakage events per revolution of the impeller. If 𝑆𝑡𝑑𝑒𝑓 ≫ 1,

then from eqn. 3.15 𝑃𝑏𝑟𝑒𝑎𝑘 = 1. Thus eqn. 3.17 becomes:
𝐾𝑏𝑟𝑒𝑎𝑘

(

2𝜋𝜔

) = 4𝜂(𝑥, 𝜔)

(3.18)

Early in the process when the paste particles are large, it is expected that 𝜂(𝑥, 𝜔) ≈
𝐾𝑏𝑟𝑒𝑎𝑘

1. Under these conditions, (

𝜔

) will be independent of both material properties and

impeller speed. Thus, the paste nuclei size when plotted as a function of total number of
impeller revolutions, should yield the same curve under all conditions. When paste
nuclei size is small enough, 𝜂(𝑥, 𝜔) will reduce and the rate of breakage will also slow.
Under these conditions, the nuclei size will be a function of impeller angular velocity 𝜔
due to its effect on 𝜂.
3.3

Methods and Materials
3.3.1

Materials:

Sodium aluminosilicate zeolite type A powder was used as the solid phase for the
granulation. Figure 3.2 shows the particle size distribution of the zeolite measured using a
Malvern Mastersizer 2000 using water as the dispersant with 50% maximum sonication.
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Several measurements were taken to ensure that neither aggregation nor dissolution was
occurring. Table 3.1 shows the material properties of the zeolite. The d50 of the zeolite is
3.8 μm and the bulk density is 390 kg/m3. Sodium aluminosilicate is a major constituent
of the powder phase in many detergent granulations.

Figure 3.3.1 Particle Volume Distribution for sodium aluminosilicate powder.
Table 3.1 Properties of sodium aluminosilicate powder
NaA Powder Properties
d10
1.9 µm
Size
d50
3.8 µm
d90
6.9 µm
Bulk 390 kg/m3
Density
Tap 620 kg/m3
Hausner Ratio
1.6

Two surfactant binders were used in separate granulation experiments surfactant
A and surfactant B. Both pastes are a semisolid at room temperature and become more
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fluid like at higher temperatures. Surfactant yield stress was characterized using two
methods, a vane and cup rheometer for measurements at the higher injection temperatures
and a squeeze test for room temperature measurements.
The high temperature yield stress was characterized using a TA instruments
ARG2 rheometer with a vane and cup geometry. The surfactants and the jacketed
rheometer cup were first preheated to the desired temperature. Next 25 g of surfactant
was injected into the rheometer cup using a 60 ml syringe and pressed down into the cup
to minimize air volume. Next the vane was lowered into the cup and immersed by the
surfactant. The samples were sheared using a step transient stress growth setting at a
constant shear rate for 300 seconds. The shear rate was varied between 0.01 s-1 and 100 s1

with each experiment at a constant rotational speed. The yield stress, or characteristic

stress, was defined as the maximum stress observed during the experiment115. For
comparison, the shear rate in the pin mixer was calculated with eqn. 3.19:
𝑣

𝛾 = 𝑑 𝑡𝑖𝑝

𝑔𝑎𝑝

(3.19)

where γ is the shear rate and dgap is gap distance between the pin tip and the wall of the
pin mixer.
The room temperature yield stress was characterized by squeeze test using an
Instron E1000. Sample pellets were produced at room temperature of 22 oC using a
cylindrical mold with a diameter and height of 2.5 cm. The surfactant was scooped into
the mold and then pressed to remove air pockets from the surfactant. Excess surfactant
was trimmed from the top of the mold and the pellet was removed. Pellets where then
placed on the load cell and compressed at a constant plate velocity in unconfined uniaxial
compression. The velocity of the plate was varied between 0.05 mm/s and 10 mm/s. The

51
compaction ended when the distance between plates reached 1 cm. All surfactant material
remained between the plates for the duration of the test. Results were analyzed similar to
Tardos et. al.116 The yield stress was calculated by assuming a Brigham fluid rheological
model for the surfactant using the analysis developed by Adams and Edmondson117 and
implemented by Tardos et. al.:
𝑝
𝜏0

3𝜇𝑈0 2𝑅0 2

2𝑅

= √3 + 3ℎ0 (1 − 𝐿)−1.5 + 8𝜏
0

0 ℎ0

[ ℎ ] (1 − 𝐿)−4

(3.20)

0

where p is the pressure on the plate, τ0 is the yield stress, R0 and h0 is the initial pellet
radius and height respectively, μ is the fluid viscosity constant, U0 is the compaction
velocity and L is the current height to initial height ratio defined as L = d/h0.
The yield stress was determined by linearizing eqn. 3.21:
2𝑅

𝑝(1 − 𝐿)4 = [√3(1 − 𝐿)4 + 3ℎ0 (1 − 𝐿)2.5 ] 𝜏0 +

3𝜇𝑈0 2𝑅0 2

0

8ℎ0

[ℎ ]
0

(3.21)

and calculating 𝜏𝑜 by linear regression.
3.3.2

Mechanical Dispersion Experiments

Granulation experiments are conducted in a Processall Inc. Tilt-A-Pin granulator.
The granulator is a batch stainless steel 6L cylindrical pin mixer. The pin mixer is a
horizontal high shear granulator 0.2m in diameter and 22 cm deep. The details of the pin
mixer are proprietary. Annular flow of the powder is desired. Annular flow fully
develops between 600 and 900 RPM corresponding to Froude numbers, Fr, between 18
and 40 calculated using eqn. 3.22 where R is the length from the axis of rotation to the
pin tip, ω is the impeller angular velocity, and g is the gravitational constant.
𝐹𝑟 =

𝑅𝜔 2
2𝑔

(3.22)
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The surfactant binder is injected through a 1 cm internal diameter pipe using a
piston pump much like a large syringe. Surfactants were preheated in a convection oven
until they reached the desired injection temperature. The experiment was conducted
within one minute of removing the surfactant from the oven to minimize cooling.
Surfactants were kept in sealed partially insulated containers to minimize moisture and
heat loss.
Table 3.2 shows the granulation conditions used for the mechanical dispersion
study. Experiments were designed to study mechanical dispersion alone by limiting the
other rate processes. This was accomplished by using a low binder content granulation
with a small amount of paste injected in a short period of time creating a pulse of binder
into the granulator. The low binder content makes coalescences of granules negligible.
The short granulation time and pin configuration minimize consolidation of granules by
immersion nucleation. With these rate processes eliminated, the dominant rate processes
are breakage and mechanical dispersion.
Table 3.2 Operating Conditions for Mechanical Dispersion Experiments
Parameter

Value Range

Paste Injection Temperature (Ti)

40 oC – 60 oC ± 2 oC

Jacket Temperature (Tj)

22 oC ± 1 oC

Impeller Speed

600 RPM – 1200 RPM ± 10 RPM

Mixing Time

0 s – 10 s ± 0.5 s

Powder Phase Mass

700 g ± 2 g

Binder Mass

28 g ± 1 g
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Figure 3.3 depicts the experimental schedule for the mechanical dispersion pulse
experiments. 50 g of binder was placed in the injection syringe and heated to the
appropriate temperature. Next, the granulator was preloaded with 700 g of zeolite. The
powder phase was then pre-mixed for 2 to 4 seconds. Next, 28g of the surfactant binder
was injected over 1s. Finally, the granulator was allowed to run for a mixing time
between 0 and 10 seconds and then shut off. The impeller speed ramped down to zero in
less than one second. The total number of revolutions, N, was calculated using eqn. 3.23:
𝑁 = 2𝜋𝜔(𝑡𝑚𝑖𝑥 + 1 𝑠𝑒𝑐)

(3.23)

where tmix is the mixing time of the experiment as defined in figure 3.3. The additional
second accounts for the ramp down time and the end of the binder injection step.

Figure 3.3.2 Experimental schedule for mechanical dispersion experiments.

3.3.3

Granule Characterization:

Granule size distribution was characterized using a W.S. Tyler Ro-Tap model E
sieve shaker. The sieve stack is a √2 series sieve from 250 μm to 8.0 mm. The entire
granulation batch for each experiment was used in the sieve analysis to eliminate
sampling bias. Each batch was split into two sieve runs to prevent sieve blinding. The pan
collects all of the zeolite which is smaller than the smallest sieve size. Because the
primary particle size is less than about 10 microns, all particles that remain on the sieves
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must contain surfactant. The size distributions were developed without the mass in the
pan to examine the paste nuclei size distribution only.
The size distributions are shown as volume log frequency distributions fv(ln(x))
calculated using eqn. 3.24 where the index i indicates the distribution size bin, mi is the
mass in the bin, Δxi is the width of the bin, and 𝑥̅𝑖 is the arithmetic mean size of the bin.
Size distribution where further characterized by calculating the Sauter mean (d32) and
standard deviation (σ) from the moments of the distribution (μi) shown in eqn. 3.24 – 3.27.
𝑚𝑖

𝑓𝑣 (𝑙𝑛(𝑥̅𝑖 )) = ∑𝑁

1

𝑗=1 𝑚𝑗 ∆𝑥𝑖

𝑥̅𝑖

𝑖
𝜇 𝑖 = ∑𝑁
𝑗=1 𝑥̅𝑗 𝑓𝑗 (𝑥̅𝑗 )∆𝑥𝑗
𝜇

(3.25)

𝑑32 = 𝜇3

(3.26)

𝜎 = √𝜇2 − 𝜇12

(3.27)

2

3.4
3.4.1

(3.24)

Results

Surfactant Yield Stress:

Figure 3.4 shows typical results for the step transient stress growth of the
surfactant. Over the course of the experiment the stress in the surfactant grows until
reaching a peak value and then decays. The peak value of the experiments is used as an
approximation for the yield stress of the surfactant.
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Figure 3.4.1 Typical results for step transient stress growth (surfactant A, 60 oC shear rate
1 s-1).

Figure 3.5 shows the dependence of the measured maximum stress with shear rate.
There is a modest increase in yield stress with shear rate with a dependence on shear rate
of γ0.14. For both surfactants, the effect of temperature on the yield stress was found to be
negligible in the range of 50 oC to 60 oC. The yield stresses of surfactant A and B were
compared at a shear rate of 0.01 s-1. At these conditions, the yield stress of surfactant A
was 160 Pa and the yield stress of surfactant B was 110 Pa indicating that surfactant B is
“softer” than surfactant A at the injection temperatures.
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Figure 3.4.2 Dependence of measured peak stress on shear rate for Surfactant A at 60 oC.

Figure 3.6 shows typical regression results for the room temperature squeeze flow
test. Fitting a linear regression to the plot in figure 3.6 provides the yield stress of the
surfactant paste, in this case 420 Pa. The regression provides a good fit although from the
residuals there is clearly variance in the data that is not explained by the linear model.

57

Figure 3.4.3 Regression of stress strain data the yield stress is the slope of the line
(surfactant A), compression speed 10-3ms-1.

Figure 3.7 shows results for the squeeze test of both surfactants A and B. The
results show that both materials exhibit a similar yield stress dependence on velocity of
v0.165, a similar dependence to that seen for the high temperature cup and vane shear tests.
The yield stress for surfactant A is similar to that measured in the cup and vane test at
high temperature. In contrast, surfactant B, which solidifies at approximately 40C, has a
yield stress at room temperature that is 20 times higher than the value at 60C and 10
times higher than surfactant A. There is a transition in rheology as temperature decreases.
surfactant B is softer than A at high temperatures. As the surfactants cool, the yield stress
of surfactant B increases substantially above the yield stress of surfactant A.
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a)

b)

Figure 3.4.4 Yield stress for a) surfactant A and b) surfactant B for various compression
velocities.
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3.4.2 Mechanical Dispersion Kinetics:
A total of 160 mechanical dispersion experiments were conducted over a range of
impeller speeds (600, 900, 1200 RPM), surfactant injection temperatures (40, 50, 60 oC),
mixing times (0 – 10 secs), and type of surfactant (A, B). Replicate experiments where
performed for a subset of the experiments to characterize the repeatability of the pulse
experiments. The temperature range was chosen to be above the solidifying temperature
of approximately 40 oC for surfactant B and below the decomposition temperature of
approximately 70 oC.
For all experiments with impeller speeds of 900 and 1200 RPM (𝐹𝑟 = 40, 71),
fully developed annular flow was achieved. At 600 RPM (𝐹𝑟 = 18), the flow was not
truly annular as some material would fall away from the wall before completing a
revolution.
The particle size distributions from sieve analysis do not include the material in
the pan, only the material on the sieves. This is acceptable since the mechanical
dispersion of the paste is occurring at the sieve sizes above the pan. Figure 3.8 shows a
comparison of the material on the sieve and the material on the sieve. The paste
fragments that are elongated and irregularly shaped. The surfactant fragments on the
sieve consist almost entirely paste with a fine coating of powder that is mostly removed
during sieve analysis. More than 90% of the total injected paste was recovered on the
sieves.
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(a)

(b)

Figure 3.4.5 a) Material in Pan and b) material on sieve after sieve analysis for surfactant
A

Figure 3.9 shows typical results of the breakage kinetics of the surfactant
granulation for surfactant A at 60oC over the range of 0 to 10 seconds of mixing time. At
1200 RPM, the size distribution narrows and approaches a log normal distribution with a
peak at approximately 500 μm after 10s. The granule size distribution continues to move
to the left (finer sizes) throughout the dispersion experiment.
The same trend is observed in both the 900 and 600 RPM results. Both
distributions narrow and approach log normal distributions. However, the mode size after
10s varies with impeller speed and is approximately 700 μm for the 900 RPM
experiments and 900 μm for the 600 RPM experiments.
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(a)

(b)

(c)
Figure 3.4.6 Volume log frequency distributions showing mechanical dispersion kinetics
for surfactant A with an injection temperature of 60 oC at a) 1200 RPM, b) 900 RPM, c)
600 RPM.

Kinetic experiments for surfactant B are shown in Figure 3.10. As for surfactant
A, the particle size distribution narrows over time approaching a log normal distribution.
However, for surfactant B, the rate of change of the size distribution slows after the first
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3-4s. The mode of the particle size distribution after 10s increases with decreasing
impeller speed: 500 μm at 1200 RPM, 900 μm at 900 RPM and 1000 μm at 600 RPM.

(a)

(b)

(c)
Figure 3.4.7 Volume log frequency distributions showing mechanical dispersion kinetics
for surfactant B with an injection temperature of 60 oC at a) 1200 RPM, b) 900 RPM, c)
600 RPM.

Particle size distributions are characterized by the Sauter Mean (d32) and
normalized standard deviation (σ/ d32) of the distribution. Figure 3.11 shows the effect of
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mixing time on the d32 and σ at 1200, 900, and 600 RPM. d32 decreases rapidly with time
at the start of the experiment, with the rate of change decreasing as the experiment
progresses. This indicates that the rate of breakage is a function of surfactant particle size
with large particles breaking more quickly than smaller particles. The normalized
standard deviation also reaches a steady value showing the distribution rapidly narrows
and then maintains a consistent distribution shape.
Surfactant B also undergoes the same reduction in breakage rate with time (figure
3.12). However, unlike surfactant A, surfactant B reaches an asymptotic value for the
final mean size that is reached after approximately three seconds. Note that the initial rate
of change of d32 is actually higher for surfactant B than for surfactant A.
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a)

b)

Figure 3.4.8 a) d32 and b) σ/ d32 for surfactant A kinetics at 60 oC
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a)

b)

Figure 3.4.9 a) d32 and b) σ/ d32 for surfactant B kinetics at 60 oC
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3.4.3

System Parameter Effects on Mechanical Dispersion:

Figure 3.13 shows the effect of impeller speed on the Sauter mean size for an
injection temperature of 60 oC and mixing time of 10s. Particle size decreases with
increasing impeller speed for both surfactants.
Figure 3.14 shows the effect of surfactant injection temperature on the Sauter
mean size for surfactant A and B. The particle mean size is independent of paste injection
temperature at both short and long mixing times for surfactant A. However, the injection
temperature does affect the Sauter mean size for surfactant B, especially at short mixing
times. As the injection temperature increases, the Sauter mean size decreases.
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a)

b)

Figure 3.4.10 Impeller speed dependence of the d32 and σ/ d32 at 60 oC injection
temperature and 10 sec mixing time for (a) surfactant A and (b) surfactant B.
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Figure 3.4.11 Temperature dependence of the d32 for surfactant A and B at 1200 RPM
and 2 s and 10 s mixing time.

3.5

Discussion

The results of the mechanical dispersion pulse experiments show that the dispersion
of the surfactant is similar to a breakage process. The dispersion is not instantaneous, but
nuclei size distribution decreases with time. After 10 seconds of mixing time, the particle
size distribution lies primarily below 1000 μm for high temperatures and impeller speeds.
The desired particle size for product granules of the industrial process is typically
between 300 μm and 1000 μm. After the mechanical dispersion of the surfactant into
nuclei, no further agglomeration is necessary. All that is required is the incorporation of
solids by immersion nucleation to achieve the desired granule assay. The detergent
granulation process does not require agglomeration to achieve the desired particle size.
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Agglomeration will produce a large amount of oversize granules that are unwanted and
must be milled down to the appropriate size.
The results of the yield stress characterization produced an interesting result. Both
the vane and cup rheometer and the squeeze test produced a power dependence on shear
rate and velocity respectively. The dependence on shear rate in the vane and cup
rheometer was found to be γ0.14. The squeeze test used at room temperature showed a
power dependence on velocity of v0.16. These values of the powers are close indicating a
consistent effect of velocity on yield stress. Although both characterization techniques
were physically different, the consistency of the velocity dependence indicates the ability
to compare the two techniques.
Additionally, the two methods showed a higher order effect of temperature between
the two surfactants. In the range of the injection temperatures, both surfactants were of a
similar order of magnitude with surfactant B being softer than surfactant A. However, at
room temperature the squeeze test indicated that the yield stress of surfactant B is an
order of magnitude higher than surfactant A. Surfactant A was found to have a yield
stress at the injection temperature of about half an order of magnitude of the room
temperature yield stress. This result indicates a temperature dependent transition for
which past has the larger yield stress. Since the pin mixer was operated at room
temperature it is expected that the surfactant would cool during the experiment thus
changing their strength.
3.5.1

Stokes Deformation Number

Table 3.3 shows the calculated Stokes deformation number for the mechanical
dispersion experiments. The Stokes deformation number is calculated using eqn. 3.14 for
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both room temperature (22 oC) and the highest injection temperature (60 oC). The
velocity is assumed to be the tip speed of the impeller. For the room temperature
calculation, the yield strength is calculated using the regression from the squeeze test
experiments. The room temperature yield stress represents the limiting case when the
binder will begin to resist breakage. The yield strength for the 60 oC Stokes deformation
number is determined using the regression of the vane and cup rheology experiments.
The dependence on shear rate is determined for surfactant A and applied to surfactant B.
Table 3.3 Stokes deformation numbers using room temperature and injection temperature
yield stress.
Surfactant

RPM

A
A
A
B
B
B

1200
900
600
1200
900
600

Stdef
(22oC)
31.6
18.7
8.87
3.27
1.93
0.927

Stdef
(60oC)
83.2
48.6
22.8
110
64.4
30.3

The Stokes deformation numbers for Surfactant A are several orders of magnitude
above critical value of 0.45 determined by eqn. 3.14. The high values of the Stokes
deformation number confirm that the probability of breakage given an impact has
occurred is 1.
Surfactant B has similar values for the Stokes deformation numbers to surfactant
A at 60C but much lower values at room temperature. This is a result of the order of
magnitude difference in the yield stress between the two surfactants at room temperature.
However, surfactant B is still larger than the literature value of the critical value. This
indicates that the probability of breakage for surfactant B is also close to 1 for all
experimental conditions.
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The Stokes deformation numbers in table 3.3 were calculated using the tip speed
of the impeller. However, not all impacts or shear events may occur at this velocity due to
the motion of the powder bed. The probability of breakage for surfactant B could be less
than one if the characteristic velocity is less than the tip speed.
The results of the Stokes deformation number predict that breakage of surfactant
A will occur for all impeller speeds and injection temperatures. In this case, the breakage
of the surfactant will only be a function of the number of revolutions of the impeller.
Surfactant B is more complex. The Stokes deformation number for Surfactant B predicts
that initially breakage will occur for all impeller speeds and will likely occur more
rapidly than surfactant A. However, after cooling in the granulator, surfactant B may
resist breakage for a significant the fraction of impact conditions below the tip speed.
This behavior is clearly seen in particle size distributions and Sauter mean size which
show that surfactant B initially breaks more rapidly than surfactant A, but does not
continue to break after the first few seconds of mixing time.
3.5.2

Number of Impacts

The breakage of surfactant into granule nuclei occurs in the granulator by two
proposed mechanisms. The first mechanism is by impeller impact. In the impact
mechanism, surfactant particles are hit by the high velocity pin and broken into smaller
fragments. The second mechanism is breakage by shear. In the shear mechanism, the high
shear rate developed in the bulk powder, especially between the pin tip and granulator
wall, put high strain on the surfactant. Under sufficiently high strain the particles to
elongate and finally break. Impact and shear mechanisms are likely to both be important
in the granulation. It is possible that one of the mechanisms is primarily responsible for
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the mechanical dispersion of the surfactant, but the experimental setup did not allow for
the each mechanism to be tested separately.
Figure 3.15 shows the Sauter mean size as a function of number of revolutions
rather than time, so that comparisons are made at the same possible number of impacts N
for all impeller speeds. The number of impacts is calculated using the RPM and the time
plus one additional second to account for the injection time and ramp down time. Both
surfactant A and surfactant B demonstrate a smaller particle size as the number of
revolutions increase.
The results in figure 3.15 demonstrate that most of the difference in particle size
can be accounted for by the difference in the number of revolutions. The effect of
temperature and RPM are second order to the number of impact effect. The results can be
broadly broken into two regions. The first region is at low impeller revolutions and large
particle size, and the second region is at high impeller revolutions and small particle size.
The dividing line between the two regions falls around 50 revolutions.
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a)

b)

Figure 3.5.1 Sauter mean size at 60 oC versus number of impeller revolutions at 60 oC
for (a) surfactant A and (b) surfactant B.
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In the low impeller revolution region, the results show no dependence on particle
size or impeller speed for surfactant A and a minimal dependence on impeller speed for
surfactant B. In this region, the Sauter mean size is large and both Pbreak and η are nearly
1 for all conditions. Figure 3.16 shows the first 50 revolutions for all impeller speeds at
60 oC. In this region first order breakage is observed of the form:
𝑑32 = 𝐴𝑒 −𝑘𝑁

(3.28)

where A and k are both constants. The breakage rate constants, k, are 0.046 rev-1 for
surfactant A and 0.035 rev-1 for surfactant B.
Larger numbers of revolutions (seen in figure 3.15) and smaller particle sizes do
exhibit an effect of the operation parameters for both surfactants. The mean particle size
for more than 50 revolutions shows that higher impeller speeds produce a slightly smaller
mean size. This is consistent with the impact efficiency model that predicts smaller
particles size will produce fewer breakage events per revolution. In this region the
breakage rate constant decreases with decreasing particle size. Additionally, the impact
efficiency shows a dependence on velocity with higher impeller speeds producing a
smaller mean size. The final three points corresponding to the 10 second mixing time
experiments exhibit the greatest difference from the uniform size curve in the low
revolution numbers region.
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a)

b)

Figure 3.5.2 first 50 revolutions at all impeller speeds and 60 oC injection temperature for
(a) surfactant A and (b) surfactant B.

76
Surfactant B exhibits a greater reduction in breakage than surfactant A due to
changing yield stress. The changing yield stress is not accounted for in the number of
revolutions model, but has a clear effect on the breakage kinetics. As seen in figure 3.16,
the initial breakage rate constant is lower for surfactant B than for surfactant A. However,
the actual particles sizes are smaller than those observed for surfactant B. This indicates
that breakage occurs very rapidly for surfactant B during the first second of mechanical
dispersion. Additionally, the high revolution number region shows nearly now additional
breakage producing a breakage rate constant of approximately k = 0.
3.6

Conclusions

The results show that the mechanical dispersion of semi-solid binders can be
treated as a breakage process. The breakage rate and resulting particle size of mechanical
dispersion are dependent primarily operating conditions and partially on the surfactant
properties. The Stokes deformation number for this system is much greater than the
critical value to prevent breakage. For this reason, it is expected that all impacts in the pin
mixer will be successful making the impact efficiency the dominant mechanism.
However, breakage by shear rather than direct impact with pins could contribute the size
reduction of the surfactant. This is supported by the result that surfactant B does not
experience the same amount of breakage as surfactant A after long mixing times due to
surfactant B’s higher yield stress.
The results demonstrate that the breakage of semi-solid surfactant pastes is
dependent on the number of revolutions. The number of revolutions is proportional to the
number of impacts that or breakage events that can occur. Effects such as material
strength and impeller speed are second order to the number of revolutions. In this case,
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modeling of the granulator requires the derivation of an efficiency equation that describes
the likelihood of a particle being impacted by an impeller.
The results also show that detergent granulation is a breakage limited process. After
the surfactant is broken into nuclei, the size distribution is similar to the desired product
range. Further granulation only requires the immersion granulation mechanism to
incorporate the bulk powder into the granule. Additional agglomeration is unnecessary
and should be avoided if possible.
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CHAPTER 4. POPULATION BALANCE MODELING OF SEMI-SOLID BINDER
MECHANICAL DISPERSION AS A MILLING PROCESS

4.1

Introduction

In this chapter, the experimental results described in Chapter 3 are modeled using a
1D population balance model. The description of the experimental methods is not
reiterated in this chapter. The objective of this chapter is to develop a semi-empirical
mechanistic model for the mechanical dispersion of the semi-solid binder. The objective
is achieved by:
1. Determine mechanistic basis to model the impact efficiency of the binder in
the pin mixer. The incorporates the operating conditions of the pin mixer.
2. Use experimental data to determine fitting parameters in the model.
3. Compare the experimental particle size distributions with the distributions
predicted by the model.
The results of chapter 3 demonstrated that the mechanical dispersion of surfactant
is a breakage only process. As discussed in chapter 2, breakage only processes can be
sufficiently described by a 1D population balance model. The 1D breakage only
population balance model takes the form:
𝑑𝑦𝑖 (𝑡)
𝑑𝑡

= −𝐾𝑏𝑟𝑒𝑎𝑘,𝑖 𝑦𝑖 (𝑡) + ∑𝑁
𝑗=𝑖 𝐾𝑏𝑟𝑒𝑎𝑘,𝑗 𝑏𝑖,𝑗 𝑦𝑗 (𝑡)

(4.1)
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where i is the index variable indicating the current particle size bin, yi is the mass fraction
of particles of size i, Kbreak,i is the selection function, and bi,j is the product distribution
function. The choice of selection function and product distribution together is referred to
as the breakage kernel.
4.2

Theory

The nucleation of the semi-solid binder by mechanical dispersion is modeled as a
breakage process. The breakage selection function describes the mass fraction of particles
that a particle undergoing a breakage event breaks into. In the pin mixer system, the
breakage selection function was previously described as:
𝐾𝑏𝑟𝑒𝑎𝑘 = 𝑁 ∗ 𝜂(𝑥, 𝜔) ∗ 𝑃𝐵𝑟𝑒𝑎𝑘 (𝑆𝑡𝑑𝑒𝑓 )

(4.2)

where N is the maximum number of impacts per time,  is the impact efficiency which is
a function of particle size x and impeller angular velocity 𝜔, and PBreak is the probability
of material breakage given an impact has occurred which is a function of the Stokes
deformation number Stdef.
The derivation found in chapter 3 reduced eqn. 4.2 to:
𝐾𝐵𝑟𝑒𝑎𝑘 = 8𝜋𝜔 ∗ 𝜂(𝑥, 𝜔)

(4.3)

Therefore, the breakage selection function is primarily dependent on the impeller speed
and the impact efficiency.
Binder particles in the real pin mixer may not undergo 4 impacts in one rotation.
Particles may be in a position where they are not in the pin path. Alternatively, binder
particles may be able to bypass the pin by remaining in a streamline of the bulk material
as it “bends” around the pin. The ability for particles to avoid pin impacts is described by
the impact efficiency term.
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It is hypothesized that the pin mixer can be analyzed in a similar way to
predicting the capture efficiency of a gas-solid filter. In a gas-solid filter, particles
suspended in a fluid impact with a cylindrical fiber if the particle streamline takes it on a
collision path. It is assumed that the binder material is similar to the solid particles in the
gas stream. The binder nuclei flow in the streamlines of the continuous zeolite bed phase
and gets impacted by the pins, analogous to the inertial interception of the solid particles
in a gas phase on the bag filter fibers.
The aerated powder bed is not a simple Newtonian fluid. Nevertheless, continuum
models which treat moving powder beds as a fluid phase or multi-phase have been used
with some success to model granular flow. The Eulerian-Eulerian two fluid method in
CFD has shown success in capturing the primary attributes of dense granular flow118–120.
However, characterizing granular flow viscosity remains very difficult. Darelius et. al.120
found that a bulk viscosity on the order of 0.1 Pa*s provided good agreement between
high shear granulation velocity data and the CFD model. In contrast, Zhang et. al.121
experimentally characterized the apparent viscosity of fine metal powders. The authors
found that powders with a size of less than 10 µm had an apparent viscosity of order 10
Pa*s. The two cases vary by orders of magnitude and do not provide certainty about the
true viscosity of the powder flow. For this reason, viscosity will be incorporated as part
of a fitting parameter.
Davies and Peetz122 determined numerical solutions of the continuum equations
for the collision efficiency between particles and the filter fiber as a function of particle
size to fiber ratio and the Stokes number 𝑆𝑡𝑘 (not to be confused with 𝑆𝑡𝑑𝑒𝑓 ) and defined
as:
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𝜌𝑥 2 𝑣

𝑆𝑡𝑘 = 18𝜇𝑑

(4.4)

where ρ is the density of the particle, x is the size of the particle, v is the velocity of the
particle in the fluid, μ is viscosity of the fluid, and d is the diameter of the filter fiber
cylinder. The Stokes number is the ratio of particle inertia to the viscous drag force from
the fluid on the particle. In this case study, 𝑣 is the tip speed of the pin, d is the diameter
of the pin, ρ is the density of the surfactant, and µ is the viscosity of the bulk powder flow.
The authors demonstrated that as the Stokes number increased, the impact efficiency also
increased since fewer particle streamlines avoided the fibers. The numerical results were
shown graphically for several Reynolds numbers.
Based on the graphical results of Davies and Peetz, it is assumed that for high
Reynolds numbers, as is the case of the high speed pin mixer, the collision efficiency of
particles can be approximated using an exponential distribution function dependent on
the Stokes number of the form:
𝜂 = 1 − exp(−𝜆1 (𝑆𝑡𝑘 − 𝑆𝑡𝑘 ∗ ))

(4.5)

where λ1 and Stk* are parameters of the distribution. The fitting parameter λ1 also
accounts for the viscosity of the bulk material since the value is difficult to measure and
can vary by orders of magnitude depending on the system. The critical Stokes Number,
Stk*, represents the minimum particle size that undergoes an inertial impact with the pins
of the mill. Mathematically this value also accounts for nuclei that travel in a stream line
far from the pin and are not impacted regardless of particle size. Stk*, is a material
constant, but is expected to vary with geometry. For example, an impeller with closely
packed pins will have fewer no impact streamlines than an impeller with pin spaced far
apart.
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Substituting 𝜂 from eqn. 4.5 into eqn. 4.3 produces the final form of the breakage
selection function.
𝑆 = 8𝜋𝜔[1 − exp(−𝜆1 (𝑆𝑡𝑘 − 𝑆𝑡𝑘 ∗ ))]

(4.6)

or in expanded form:
𝜌𝑥 2 𝑣

𝑆 = 8𝜋𝜔 [1 − exp (−𝜆1 (18𝜇𝑑 − 𝑆𝑡𝑘 ∗ ))]

(4.7)

Eqn. 4.6 predicts that the selection function and therefore the breakage and
particle size distribution are dependent on the impeller speed and the Stokes number. Eqn.
4.6 is also a 1D equation in terms of particle size. The remaining parameters are either
experimentally measurable or fit to the particle size distributions. Eqn. 4.7 can be
converted into the discretized form of the selection function Si:
𝜌𝑥 2 𝑣

𝑖
𝑆𝑖 = 8𝜋𝜔 [1 − exp (−𝜆1 (18𝜇𝑑
− 𝑆𝑡𝑘 ∗ ))]

(4.8)

The mathematical form of eqn. 4.8 is similar to that of the Vogel and Peukert
model for particle breakage. Both are exponential and functions of particle size and
impact velocity. However, the two models describe different breakage mechanisms. The
Vogel and Peukert model describes breakage by crack propagation as the dominate
mechanism and is a function of x1 and v2. Eqn. 4.8 describes breakage by efficiency of
impact between the impeller and the nuclei. Eqn. 4.8 is a function of the Stokes number
and thus x2 and v1. As a result, eqn. 4.8 predicts a stronger dependence on particle size
and a weaker dependence on velocity than the Vogel and Peuket model.
The breakage distribution function represents the size distribution of the daughter
particles once the mother particle undergoes a breakage event. For simplicity, it is
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assumed that the volume based cumulative breakage distribution, B, is a power law
equation and is represented by:
𝑥

𝑞

𝐵𝑖,𝑗 = (𝑥 𝑖 )

(4.9)

𝑗

where xi is the size of the initial particle, xj is the size of the daughter particles, and q is a
fitting parameter. The convention used is that 𝑖 = 1 represents the largest size fraction in
the distribution. Eqn. 4.9 is then used to calculate the breakage distribution function
which in discretized form is:
𝑏𝑖,𝑗 = 𝐵𝑖,𝑗 − 𝐵𝑖,𝑗+1

(4.10)

Eqn. 4.8 and 4.10 combine to form the breakage kernel. This kernel is semi-empirical
and combines physical understanding with three fitting parameters that are determined
from experimental data. Table 4.1 summarizes the parameters that must be
experimentally measured or estimated to fully describe the model.
Table 4.1 Description of breakage model parameters.
Parameter Description
Efficiency fitting parameter
1 ,
Estimates viscosity in Stokes
number
Expected function of:


Stk*

q

Material Properties

Critical Stokes Number
Accounts for nuclei not on impact
streamline
Expected function of:
 operating conditions
 equipment geometry
Breakage distribution parameter
Expected function of:


ρ
v
d
ω

Determined by:
Estimated

Estimated

Estimated

material Properties

Surfactant nuclei density (kg/m3)
Pin tip speed (m/s)
Pin diameter (m)
Impeller angular velocity (1/s)

Measured
Measured
Measured
Measured
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4.3

Model Solution

The dynamic model for the breakage only process is analyzed as a population
balance model using commercially available gSOLIDS 4.0.0 (Process Systems Enterprise
Ltd, UK), by implementing the breakage kernel, as described in eqns. 4.8 and 4.10. Being
an equation oriented software, it provides for a seamless integration of experimental data
for building, validating, and executing first principal models in a flow sheet framework123
thereby being inherently dynamic and suitable for simulation of a solids operation batch
process 124.
The process flowsheet is developed as a custom 1D population balance model size
in gSOLIDS, as shown in Figure 1. The dimension used in the model is nuclei particle
size. The system is defined by specifying the material properties of the semi-solid binder,
as it is the material phase of interest. The model is setup to mimic the experimental
procedure (figure 3.3) and determine the mechanical dispersion kinetics of the semi-solid
binder.

gSOLIDS Custom Model for Paste Breakage
System Specifications

Measurement system
Breakage

Figure 4.3.1 gSOLIDS process flow sheet for the breakage process.
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Pulse experiments (described in Chapter 3) are used to estimate the parameters
that characterize the dynamics of the breakage process. The duration of the dynamic
simulation of the process is kept at 12 seconds in accordance to the experimental
conditions. The dynamic simulation duration is 2 seconds greater than the actual
experimental duration to observe the behavior of the system after 10 seconds.
The nuclei size dimension of the population balance equation is discretized to
match the sieve analysis from the experimental results. The sieve analysis data at 0
seconds is used as the initial conditions for the simulation. Parameter estimation is
conducted by comparing the experimental sieve mass fractions with those predicted by
the model. The variation in the sieve analysis measurement is considered to have a
constant variance. The frequency based calculations for the Sauter Mean Diameter (d32)
is recorded using a holdup sensor model.
4.3.1

Parameter Estimation

Parameter estimation in gSOLIDS is based on the maximum likelihood
formulation, which provides simultaneous estimation of parameters in both the physical
model of the process as well as the variance model of the measuring instruments, given
by:
𝑁

𝛷(𝜃) = 2 ln(2𝜋) +

𝑁𝑉𝑖 𝑁𝑀𝑖𝑗
2
min𝜃 ∑𝑁𝐸
𝑖=1 ∑𝑗=1 ∑𝑘=1 [ln(𝜎𝑖ℎ𝑘 )
2
1

+

(𝑧̅𝑖𝑗𝑘 −𝑧𝑖𝑗𝑘 )
2
𝜎𝑖ℎ𝑘

2

]

(4.11)

where N stands for the total number of measurements taken during all the experiments, θ
is the set of model parameters to be estimated over the specified bounds, NE is the
number of experiments performed, NVi is the number of variables measured in the ith
experiment, and NMij is the number of measurements of the jth variable in the ith
2
experiment. 𝜎𝑖𝑗𝑘
is the variance of kth measurement of variable j in experiment i. 𝑧̅𝑖𝑗𝑘 is
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the kth measured value of variable j in experiment i and 𝑧𝑖𝑗𝑘 is the kth model predicted
value of the variable j in experiment i. For this case study, the values of z are particle size
mass fraction and are compared for each experimental.
4.3.2 Parameter Estimation Strategy
The process model used in this work is a semi-empirical population balance
equation with efficiency parameters 1, Stk*, and distribution parameter q. These
parameters are fit to a subset of the pulse experiments. The parameter estimation strategy
is summarized in Figure 3. Three sets of parameter estimations are completed, two for
surfactant A and one for surfactant B.
The results of the pulse experiments demonstrated that surfactant A, was
temperature independent. For this reason, surfactant A is selected as the base case for the
parameter estimation. The aim is to perform the minimum number of experimental runs
in order to characterize the system. The Paste A 1200 RPM subset of experiments are
used for the first parameter estimation. The three fitting parameters 1, Stk*, and q are
2
estimated along with the measurement variance 𝜎𝑖𝑗𝑘
. Using these estimated values, the

process variables v and ω are changed to the corresponding operating conditions at 900
and 600 RPM. The model is run at the new conditions and the resulting predicted size
distributions are compared to the respective experimental size distributions.
The fitted parameters are assumed to be dependent on material properties or
equipment geometry, but not on impeller speed. The dependence on impeller speed is
incorporated in the Stokes number. The second parameter estimation tests this by
estimating the three fitting parameters using data for surfactant A at all three impeller
speeds. The fitted model size distributions are then compared with the experimental data.
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Additionally, the results of the first and second parameter estimation are compared to
determine the models ability to capture the effect of velocity.
Parameter q is hypothesized to be material parameter. A change in the semi-solid
binder material should result in a change in q, but not in 1 or Stk*. The third parameter
estimation tests this by using the first parameter estimation values for 1 and Stk*, and
refitting q to surfactant B data at 1200 RPM. Just as with the first parameter estimation,
the size distributions at 900 and 600 RPM are predicted. The size distributions between
the model and experiment are then compared. Additionally, the results of the first and
third parameter estimation are compared to determine if the q parameter accurately
captures the effect of material properties.
The sieve analysis for surfactant B did not have the same number of sieves as
surfactant A. For this reason, the model data would appear to over predict breakage by
assigning mass to unmeasured sieves. To compare equal masses, it was assumed that the
sum of model mass fractions in the experimentally measured sieve trays would equal 1.
This was accomplished by increasing the mass fraction of all model sieves trays by the
same proportion until the experimental sieve stack summed to 1. This technique allowed
for a closer comparison of the experimental and model results.
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Figure 4.3.2 Flow sheet for parameter estimation of surfactant A and B.

4.3.3

Measure of Success

95% confidence intervals and the standard deviations for the estimated parameters
is reported from the parameter estimation entity results of gSOLIDS. The particle size
distributions are represented as Sauter Mean diameter d32 and normalized coefficient of
variation 𝜎⁄𝑑32. These are calculated for both experimental and model sieve analyses
A two sample paired t-test is performed for the Sauter mean diameter, d32, by
comparing the set of the d32 values of the model with the calculated d32 for the
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experimental observations. The distributions are accepted at 95% confidence for Paste A
and 90% confidence for Paste B.
4.4

Results and Discussion

The three sets of parameter estimations are presented in the same order and number
as figure 4.2. Each parameter estimation is compared to the full size distributions.
However, for simplicity, the Sauter mean size d32 and normalized variance σ/d32 are
compared for impeller speeds other than 1200 RPM. Full size distributions not shown
here can be found in Appendix B.
4.4.1

Parameter Estimation 1

The first model parameter estimation was completed using experimental data for
surfactant A from only the highest impeller speed (1200 RPM). Results for 900 and 600
RPM were obtained by changing the velocity in the breakage kernel and executing the
simulation with the new values. Table 4.2 shows the value of the three estimated
parameters along with the 95% confidence interval. The parameter values all pass the 95%
t test indicating a good fit of the model and the model parameters..
Table 4.2 Estimated parameters using only 1200 RPM experiments for surfactant A.
Parameter
λ1
Stk*
q

Estimated value ± 95% CI
0.00330 ± 0. 0.00054
0.603 ± 0.173
-2.452 ± 0.299

95% T (ref T: 1.654)
6.152
3.484
8.21

Figure 4.3 shows the model and experimental results for the first parameter
estimation at 1200 RPM. Overall, the model provides a very good fit of the experimental
data. The main discrepancy between the model and experiment is at 1 second of mixing
time where the model slightly over predicts the amount of breakage. Additionally, at 10
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seconds of mixing time the model slightly under predicts the amount of breakage.
However, at intermediate mixing times, the model does an almost perfect job of matching
the full size distribution. Figure 4.4 shows the d32 and σ/d32 parameters of the
distributions in figure 4.3. As is seen in figure 4.3, the model is able to match the average
particle size for all times after 1 second of mixing time.
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Figure 4.4.1 Particle size distributions of model and experiments for Surfactant A at 1200
RPM fit to 1200 RPM experiment data.

a)

b)

Figure 4.4.2 a) d32 and b) σ/d32 for surfactant A at 1200 RPM fit to 1200 RPM
experimental data.

Figure 4.5 shows the d32 and σ/d32 parameters of the distribution for both the
model prediction and experiments for surfactant A at 900 RPM. The results are similar to
those at 1200 RPM showing a good fit at all mixing times other than 1 second. The model
also slightly over predicts the normalized variance. The results demonstrate that the
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model is able to accurately describe the effect of pin tip speed on the particle size
distribution.

a)

b)

Figure 4.4.3 a) d32 and b) σ/d32 for surfactant A at 900 RPM fit to 1200 RPM
experimental data.

Figure 4.6 shows the d32 and σ/d32 parameters of the distribution for both the
model and experiments for surfactant A at 600 RPM. The model prediction is not as good
as the 900 RPM case. The model consistently over predicts the amount of breakage for all

93
mixing times at the low RPM. The model is unable to capture the normalized variance at
low mixing times. This is because the 600 RPM impeller speed has a greater
experimental variation than the higher impeller speeds. In the 600 RPM case, the desired
annular flow may not be fully developed increasing the inconsistency of the experimental
results.

a)

b)

Figure 4.4.4 a) d32 and b) σ/d32 for surfactant A at 600 RPM fit to 1200 RPM
experimental data.
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The model results of the parameter estimation using only 1200 RPM data for
surfactant A show strong agreement with the experimental results. Changing the impeller
speed in the breakage kernel is all that is necessary to accurately predict the size
distributions at an impeller speeds of 900 RPM and to a lesser degree, 600 RPM. The
accurate prediction and low confidence intervals on the fitted parameters indicates that
the breakage kernel accurately describes the mechanical dispersion of surfactant A.
4.4.2

Parameter Estimation 2

The second parameter estimation case used surfactant A experiments at all
impeller speeds. Table 4.3 shows the values of the three estimated parameters. The results
show no appreciable difference in the value of λ1 for both estimation cases. However, the
value of the critical stokes number, Stk*, has decreased, and the magnitude of q has
increased. The confidence interval is again small and all parameters pass the T test.
Table 4.3 Estimated parameters using all surfactant A experiments.
Parameter
λ1
Stk*
q

Estimated value ± 95% CI
0.00298 ± 0. 0.00036
0.481 ± 0.176
-2.734 ± 0.244

95% T (ref T: 1.649)
8.325
2.734
11.23

Figure 4.7 shows the model and experimental results for surfactant A at 1200
RPM. Just as with the previous parameter estimation, the model produces a good fit of
the experimental data. The fit of the 1200 RPM data is not as good as the first estimation.
This is because the model preformed the parameter estimation with the experimental
results for surfactant A at all impeller speeds. Just as with the previous parameter
estimation, the model slightly over breaks the nuclei at short mixing times and slightly
under breaks nuclei at long mixing times. Figure 4.8 shows the d32 and σ/d32 parameters
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of the distributions in figure 4.7. The 1 second mixing time is shows the most deviation
between the model and experiment.
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Figure 4.4.5 Particle size distributions for model and experiments for Surfactant A at
1200 RPM fit using all experiments.
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a)

b)

Figure 4.4.6 a) d32 and b) σ/d32 for surfactant A at 1200 RPM fit using all surfactant A
experiments.

Figure 4.9 shows the d32 and σ/d32 parameters of the distribution for both the
model and experiments for surfactant A at 900 RPM. The model produces a good fit for
all mixing times. However, the fitted model shows only a slight improvement over the
predicted values from parameter estimation 1. The fitted data slightly over predicts the
normalized variance parameter indicating the model expects a slightly wider distribution
than is actually observed.
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a)

b)

Figure 4.4.7 a) d32 and b) σ/d32 for surfactant A at 900 RPM fit using all surfactant A
experiments.

Figure 4.10 shows the d32 and σ/d32 parameters of the distribution for both the
model and experiments for surfactant A at 600 RPM. The results show almost no
improvement of the fit when compared to the predicted values from parameter estimation
1. Both cases over predict the amount of breakage for mixing times below 10 seconds.
Additionally, both cases are unable to predict the normalized variance at short mixing
times.
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a)

b)

Figure 4.4.8 a) d32 and b) σ/d32 for surfactant A at 600 RPM fit using all surfactant A
experiments.

The results of the full experimental fit for surfactant A show that the population
balance model does an excellent job fitting the experimental data. The largest deviations
between the model and experiments occur at low mixing times where the model over
breaks the material. The results indicate that the breakage kernel may slightly over
emphasize particle size. The impact efficiency model uses the Stokes number as the
characteristic dimensionless group. The x2 term in the Stokes number predicts a strong
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dependence on particle size. An over emphasis of particle size would increase the
breakage rate at short mixing times when particles are large.
The results of parameter estimation 1 and 2 demonstrate that the model correctly
accounts for the effect of impeller tip speed on the breakage kinetics. Fitting the entire
experimental data set shows almost no improvement in the model compared to fitting to
only the 1200 RPM data and predicting the size distributions at lower impeller speeds.
However, the two parameter estimations produce different values of Stk* and q that lie
outside of each other’s 95% confidence intervals. The results demonstrate that covariance
exists between the fitted parameter. Additionally, the variation in the fitted parameters
between the two cases is not as strong as the variation due to changing impeller tip speed.
Figure 4.11 shows the results of the efficiency function (eqn. 4.5) as a function of
particle size and velocity. The three curves represent the experimental conditions for
parameter estimation 1 and parameter estimation 2. The results show that the difference
in the fitting parameters between the two cases has a very small effect on the impact
efficiency. For the parameter range of interest, the impact efficiency is never higher than
approximately 0.65. For particles of a size below 1000 µm the impact efficiency is
around 0.01. The efficiency curve demonstrates that under the experimental conditions,
less than 2% of possible impacts occur. The nuclei are almost entirely carried in the
streamlines of the bulk powder and do not impact the impeller pins.
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Figure 4.4.9 Efficiency plot as a function of particle size and velocity. Solid line is values
from parameter estimation 1 and dotted line is values from parameter estimation 2.

4.4.3

Parameter Estimation 3

The results from paste A demonstrated that it is sufficient to preform parameter
estimation using only the 1200 RPM impeller speed experiments. Based on the definition
of the breakage kernel, the estimated parameters λ1 and Stk* are not material dependent.
The third estimated parameter q is expected to be material dependent. Surfactant B has a
similar density to surfactant A. Therefore, the only parameter that must be estimated is
the power law parameter q. The values of λ1 and Stk* are kept the same as the values
found in parameter estimation 1 for surfactant A.
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Table 4.4 shows the value of the estimated parameters for surfactant B. The value of λ1
and Stk* are taken from table 4.2. The value of q is estimated using the 1200 RPM
experimental data for Surfactant B. The result shows that the value of q is a lower
negative value than that of surfactant A. This indicates that surfactant B breaks into larger
particles than surfactant A. This is consistent with the higher yield stress of surfactant B
at room temperature after the surfactant has cooled.
Table 4.4 Surfactant B estimated parameter q using 1200 RPM data. Other parameters are
from parameter estimation 1.
Parameter
λ1
Stk*
q

Estimated value ± 95% CI
0.00330
0.603
-1.816 ± 0.085

95% T (ref T: 1.653)
21.47

Figure 4.12 shows the model prediction and experimental results for surfactant B
at 1200 RPM. The model does not predict that experimental distribution as well as for
surfactant A. The predicted values at low mixing times show stronger agreement with
experiments than the predictions for longer mixing time. This is in contrast to the results
for surfactant A which showed model prediction improve at longer mixing times. At
longer mixing times the model initially under predicts the amount of breakage but then
over predicts the breakage for the 10 second experiments. However, the model is able to
distinguish different mixing times and provides and acceptable prediction of the
experimental data. Figure 4.13 shows the d32 and σ/d32 parameters of the distributions in
figure 4.12. The results show that the experimental mean size stops decreasing around 3
seconds of mixing time. The model on the other hand continues to decrease and over
predict the normalized variance.
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Figure 4.4.10 Particle size distributions for model and experiments for Surfactant B at
1200 RPM fit using all experiments.
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a)

b)

Figure 4.4.11 a) d32 and b) σ/d32 for surfactant B at 1200 RPM with λ1 and Stk* from
parameter estimation 1 and q estimated from surfactant B experiments at 1200 RPM.

Figure 4.14 shows the model prediction and experimental results for surfactant B
at 900 RPM. At this impeller speed, the model over predicts breakage at all mixing times,
but accurately predicts the normalized variance. The mean size results are over predicted
at the first second of mixing time. After the first second, the results continue to decrease
but at close to the same rate as the experiment. Improving the prediction of the first
second may allow the model to accurately model this experimental condition.
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a)

b)

Figure 4.4.12 a) d32 and b) σ/d32 for surfactant B at 900 RPM with λ1 and Stk* from
parameter estimation 1 and q estimated from surfactant B experiments at 1200 RPM.

Figure 4.15 shows the model prediction and experimental results for surfactant B
at 600 RPM. The results for 600 RPM are similar to those of the 1200 RPM case. The
model initially under predicts breakage but over predicts at long mixing times. The
experimental results show almost knows change in particle size between the 4 second and
10 second mixing times. This result cannot be captured by the breakage kernel proposed
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which predicts the breakage rate to reduce but still be non-zero for the conditions in the
granulator. Interestingly, the normalized variance was able to be predicted by the model.

a)

b)

Figure 4.4.13 a) d32 and b) σ/d32 for surfactant B at 900 RPM with λ1 and Stk* from
parameter estimation 1 and q estimated from surfactant B experiments at 1200 RPM.

The results of the parameter estimation of q for surfactant B show a qualitative
and somewhat quantitative agreement with experiments. In general, the results of the
surfactant B parameter estimation do a good job predicting the particle size distribution at
low mixing times but over predict the amount of breakage observed in the experiment as
mixing time increases.
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The longer mixing times show a greater deviation between the model and
experiment. One reason for this is the large reduction in breakage rate observed in the
experimental results. The change in particle size between 4 seconds and 10 seconds of
mixing time is much lower for surfactant B than surfactant A. This is due to the
difference in rheology of the surfactants. The yield stress of surfactant B increases by an
order of magnitude more than surfactant A during cooling. As the material cools in the
granulator and increases in yield stress, weak impacts that previously broke the nuclei are
no longer sufficient to continue breakage. In this case the initial assumption that Pbreak =
1 may no longer be valid.
The efficiency based breakage kernel cannot account for the second order reduction
in breakage observed in surfactant B. However, the model is able to accurately predict the
particle size distribution at lower mixing times before surfactant cooling has occurred. In
order to improve the model for surfactant B, the model will need to take into account the
cooling rate of the granule nuclei. The temperature dependence of surfactant yield stress
would then be characterized and implemented into the model.
4.5

Conclusions

A new semi-empirical breakage kernel has been introduced that uses collision
frequency and efficiency instead of granule strength to predict granule nuclei breakage.
The model is based off of filtration theory using the Stokes number. The kernel
incorporates several physically measurable parameters and is dependent on impeller
geometry, impeller speed, and particle size.
The results of the fitting parameters indicate that the impact efficiency of the
granulator is less than 0.02 for particle below 1000 μm in size. This means that the pin
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mixer geometry is actually very inefficient at breaking small nuclei. However, the pin
mixer is very effective at breaking large oversized nuclei.
The parameter estimations determined the three fitting parameters with narrow
confidence intervals, indicating a high confidence in the parameter values. Additionally,
the model was demonstrated to accurately account for the effect of impeller tip speed.
The results determined by predicting the particle size distribution using data from a single
impeller were found to match the experiments just as well as results obtained using the
entire experiment set. The model also was able to capture the breakage of a different
surfactant, surfactant B, by only fitting the breakage distribution parameter, q, leaving the
other two parameters the same as for surfactant A.
The collision efficiency based breakage kernel has been demonstrated to accurately
depict the physics of the pin mixer. Improvement of the breakage model should account
for the effect of material strength on the breakage rate. Changing material strength cannot
be accounted for in the current model. A functional form for Pbreak dependent on the
Stokes deformation number will be necessary for cases where Pbreak is no longer equal to
1. However, the addition of another equation to the breakage model will also introduce
additional fitting parameters. Increasing the number of fitting parameters in the model
reduces the predictably of the model and requires more experiments to calibrate.
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CHAPTER 5. PREDICTING LOCAL SHEAR IN POWDER FLOW USING DEM:
EFFECT OF SIMULATION PARAMETERS

5.1

Introduction

In chapter 3 and 4 the mechanical dispersion of surfactant was evaluated in the
high shear pin mixer. The results indicated that the primary variable governing surfactant
breakage is the number of revolutions of the impeller. However, breakage of surfactant
could occur by both impact and shear forces within the granulator. In order to determine
whether breakage by shear is an important mechanism in the pin mixer, the shear rate
within the granulator must be characterized. However, due to the complex nature of the
pin mixer it is difficult to decouple impact and shear effects within the pin mixer.
In chapter 2 DEM simulations were shown to be useful in characterizing granular
flow. Work by Hare et. al.107,108 characterized the shear stress within a vertical high shear
mixer. However, for the case of mechanical dispersion of the surfactant the stress of
interest is not just the stress profile in the bed, but also the stress on the larger surfactant
nuclei.
This chapter focuses on the stress transmission between a bed of primary particles
and a single larger particle with the same properties as the bed. The objective is to
characterize the unit shear cell system, and the stress applied to a large surfactant sphere
in the bulk material. The objective is accomplished by:
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1. Building a DEM simulation based on a unit shear cell with a single large
‘surfactant’ sphere surrounded by a bed of smaller bulk particles.
2. Characterizing the actual shear flow and stress within the shear cell.
3. Characterizing the stress applied to the large particle from the bulk material.
4. Evaluating the effect of simulation parameters on the results to determine
sensitivity of the stress to the material properties input to the model.
Special attention is given to the material properties and the effects that they have
on the stress profile of the larger particle. The stress profile on a large particle is
important in determining the difference between the macroscopic shear rate and the
actual shear rate observed on the larger particle. This stress on the particle can then be
used to determine how a particle of the same size would deform or break in shearing
environment using criteria such as von Mises yield criterion.
5.2

Methods

DEM simulations were constructed in LIGGGHTS open source DEM software.
The simulation results were then characterized using custom code to derive information
concerning the velocity profile and stress inside the unit cell.
5.2.1

Simulations

The model geometry was a shear unit cell similar to that used by Khola and
Wassgren125 as seen in figure 5.1. The shear cell contained one large particle of interest
and 1500 bulk particles of a fixed size ratio. The volume of particles was chosen to form
a shear cell region in the approximate shape of a cube with a side length, L, of 12 bulk
particle diameters. The walls of the cell consisted of an upper and lower wall made of
particles with the same properties as the bulk particles. The upper and lower wall was
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oriented with gravity in the –y direction. The x and z direction had periodic boundaries,
and shear flow was in the x direction. Shear flow was developed by moving the upper and
lower wall in the x direction with opposite but equal velocity (vwall). Each wall was a
12x12 lattice with 4 fins each one particle diameter high spaced three particle diameters
apart. The fins promote particle flow in the bulk material. The lower wall was fixed in the
y and z direction and moved in the -x direction. The upper wall was fixed in the z
direction and moved in the +x direction. To allow the particle bed to expand and contract
during flow, the y direction was not fixed and instead a constant force, Fc, was applied to
the top wall in the -y direction.

Figure 5.2.1 Shear unit cell model based on Khola and Wassgren125. Large particle of
interest can be seen in the center of the bed in white, the bulk particles in blue, and the
wall particles in red.

DEM simulations were carried out using the open source software package
LIGGGHTS version 3.0.2. The simulation used the Hertz pair interaction calculated from
assumed material properties with tangential interaction enabled and using the constant
directional torque (CDT) rolling friction model. DEM parameters used in the simulation
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are summarized in table 5.1 and 5.2. Table 5.1 contains the parameters used to define the
shear unit cell and were not varied between simulations. The lize of the large particle of
interest was 0.01 m which corresponds to the largest size of surfactant particles in the pin
mixer. However, the bulk material size was 3000 μm which is much greater than the 10
μm zeolite size. This large size was used to reduce the number of particles and the
simulation time. Table 5.2 contains the varied simulation parameters and material
properties of the particles.
The shear cell model was built in 5 steps. First the lower wall was added. Second
a number fraction, χ, of the bulk particles was added and allowed to fall under gravity on
top of the lower wall. Third, the particle of interest was added in the center of both the x
and z directions of the cell and allowed to fall onto the bed. Fourth the remaining fraction
(1- χ) of bulk particle were added and allowed to fall on top of the particle of interest and
the bed. Fifth, the upper wall was added and compressed onto the top of the shear using a
consolidation force (Fc).
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Table 5.1 Constant parameters of the unit cell model design.
Unit Cell Parameter

Value

Diameter Ratio (ξ)

0.3

Large Particle Diameter (D)

0.01 m

Primary Particle Diameter (d)

0.003 m

Shear Cell Length (L)

12*d

Number of primary particles (np)

1500

Gravity (g) in –y direction

1*g

Consolidation Force per particle (Fc)

-5*10-3 N

Shear time steps (tshear)

1000000

Table 5.2 Varied Simulation parameters and material properties.
Simulation Parameter

Parameter Range

Base Case

Target shear rate (γ)

0.1 – 10 s-1

1 s-1

Bed fraction below particle of interest (χ)

0.3 – 0.6

0.4

Particle density (both particle types) (ρ)

2000 kg/m3

2000 kg/m3

Young’s modulus (particle of interest) (Ei)

1*107 Pa

1*107 Pa

Young’s modulus (bulk particles) (Ebulk)

1*106 - 1*108 Pa

1*107 Pa

Poisson’s ratio (both particle types) (ν)

0.25

0.25

Coefficient of restitution all interactions (ε)

0.75

0.75

Coefficient of friction (all interactions) (µ)

0.5

0.5

Coefficient of Rolling Friction (all interactions) (µr)

0.1

0.1

Time step (Δt)

maximum 5*10-6 s

5*10-6 s
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The diameter ratio, ξ, is defined in eqn. 5.1 as the ratio between the bulk particle
diameter (d) and the particle of interest diameter (D).
𝑑

𝜉=𝐷

(5.1)

The target shear rate in the unit cell was used to determine the wall velocity using
eqn. 5.2:
1

𝑣𝑤𝑎𝑙𝑙 = 2 (𝛾 ∗ 𝐿)

(5.2)

where L is the length, depth, and assumed height of the shear cell, and vwall is magnitude
the velocity applied to both the upper and lower wall but in opposite directions.
The simulation time step was calculated to keep the Raleigh time below 15%
using eqn. 5.3:
𝛥𝑡 = {

5 × 10−6 𝑠, 𝛾 < 1 𝑠 −1
(5 × 10−6 𝑠) ∗ (1 𝑠 −1 ⁄𝛾 ), 𝛾 ≥ 1 𝑠 −1

(5.3)

where Δt is the time step length and γ is the shear rate of the cell. The maximum time
step length was set to 5 × 10−6 𝑠 due to the compression force on the top wall. For shear
rates greater than 1 s-1, the time step was reduced. The number of time steps was not
increased with varying time steps producing different total simulation times at different
shear rates. However, the total distance traveled by the walls is constant for all shear rates
except 0.1 s-1.
Several material parameters were varied to determine their effect on the shear
flow of the system and stress on the particle of interest. The varied parameters included
the Young’s Modulus of the bulk particles, Ebulk, the coefficient of restitution, ε, which
was the same for all particle interaction types, the coefficient of friction, µ, and
coefficient of rolling friction µr which were the same for all particle interaction types.
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For each simulation, data was collected every 1000 time steps in two reports. The
first report contained particle information such as position, velocity, and angular velocity.
The second report contained all pair wise interactions in the simulation.
5.2.2

Post Processing

Simulation results were characterized using a combination of python scripts,
pizza.py, and MatLab. The characterization included the actual shear profile in the unit
cell, the stress in the unit cell, and the stress observed on the particle of interest.
The actual shear profile was characterized by dividing the unit cell vertically into
slices with a height equal to the diameter of the bulk particles. In each slice the velocity
in the x direction was averaged over all the particles in the slice. The velocity profile was
then normalized to the produce a velocity profile from 0 to 1.
The hydrostatic and deviatoric stress in the unit cell was characterized by
combining the approach described by Hare et. al.107 and Göncü et. al.126. The pressure
and deviatoric stress was calculated for each vertical slice used in the actual shear profile.
The normal stress was calculated for each cell using eqn. 5.4:
𝜎𝑖𝑗 =

1
𝑉

∑𝑁
𝑘=1 𝑛𝑖,𝑘 𝑓𝑗,𝑘 𝑟𝑝

(5.4)

where σij is the ij component of the stress tensor, V is the volume of the cell, N is the total
number of interactions in the cell, ni,k is the normal vector of the kth contact, fj,k is the kth
contact force, and rp is the mean radius of the two particles in the interaction. From the
stress tensor, the pressure (p) is then:
𝑝= −
and the deviatoric stress, τD, is:

𝜎𝑥𝑥 +𝜎𝑦𝑦 +𝜎𝑧𝑧
3

(5.5)
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2

𝜏𝐷 =

√(𝜎𝑥𝑥 −𝜎𝑦𝑦 ) −(𝜎𝑥𝑥 −𝜎𝑧𝑧 )2 −(𝜎𝑦𝑦 −𝜎𝑧𝑧 )

2

√6

(5.6)

where σ is the Cauchy stress tensor.
The stress tensor of the large particle of interest was calculated from eqn. 5.7:
𝑛

𝑓

𝑖,𝑘 𝑗,𝑘
𝜎𝑖𝑗 = ∑𝑁
𝑘=1 𝐴𝑐𝑜𝑛𝑡𝑎𝑐𝑡
𝑘

(5.7)

where 𝐴𝑐𝑜𝑛𝑡𝑎𝑐𝑡
is the contact area of the interaction. The stress tensor was then used to
𝑘
determine the hydrostatic and deviatoric stress on the particle with eqns. 5 and 6.
The von Mises stress was determined to compare the predicted necessary yield
stress to predict breakage in the shear cell. The von Mises stress is defined as:
𝜎𝑦 = √3𝐽2

(5.8)

where σy is the yield stress required to resist deformation and J2 is the second
invariant of the stress tensor defined as:
1

𝐽2 = 𝑠𝑖,𝑗 𝑠𝑗,𝑖

(5.9)

2

where si,j is the i,jth component of the deviatoric stress tensor defined as:
𝑠𝑖,𝑗 = 𝜎𝑖𝑗 − 𝑝𝛿𝑖,𝑗

(5.10)

where δi,j is the kronecker delta.
5.3

Results and Discussion
5.3.1

Shear Flow

Typical results for the shear profile of the unit cell throughout the simulation are
shown in figure 5.2. The shear profile is calculated every 5000 time steps and shows the
variation in the shear profile. Even at low shear rates, particle velocity can rapidly shift
from one sampling time to another. This is consistent with the particle bed building up a
stress network and then failing inducing particle flow. Additionally, it is observed that the
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shear profile is not linear. Instead, the shear profile displays a shear band that is produced
near the top of the shear cell. The top wall of the cell generates the shear band for two
reasons. Firstly, the gravitational load is lower on the top particles, and secondly, it is not
fixed in the y direction but instead can allow the bed to dilate.
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a)

c)

b)

d)
Figure 5.3.1 Shear profile every 5000 time steps for the base case conditions at shear
rates a) 0 s-1 b) 1 s-1 c) 5 s-1 d) 10 s-1

Figure 5.3-5.6 shows the parameter effects on the shear profile of the shear cell.
The figures demonstrate shear band formation towards the unfixed upper wall of the
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shear cell as seen in figure 2. The dimensionless bed heights of 0 and 1 correspond to the
lower and upper walls respectively and move at a known fixed velocity. The lower wall is
the reference point for zero velocity.
Figure 5.3 shows the effect of shear rate on the velocity profile at the base case
conditions. As the shear rate increase, momentum is transferred farther onto the shear cell.
Additionally, the higher shear rates show a lower difference in velocity between the
upper wall and the bed. However, the height of the shear band is consistent for all shear
rates and is produced at dimensionless heights between 0.5 and 0.85. This is clearly seen
in figure 5.3 b which shows how the actual shear rate in the bed is a function of both bed
height and the overall shear rate.
Figure 5.4 shows the effect of the bed fraction below the particle of interest on the
velocity profile at the base case conditions. As the bed fraction increases, momentum
does not propagate as far into the bulk material. This effect is the result of the large
particle of interest physically blocking motion in the bed. Momentum that would
normally cause the bulk material to flow is instead used to move the large particle of
interest through the bed. Additionally, the shear band forms between dimensionless bed
height of 0.5 to 0.85 similar to the previous case. The location of the shear band
decreases with decreasing height of the large particle.
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a)

b)

Figure 5.3.2 a) Dimensionless velocity and b) actual shear rate versus dimensionless bed
height as a function of shear rate (γ) with the remaining parameters at base case
conditions.
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a)

b)

Figure 5.3.3 a) Dimensionless velocity and b) actual shear rate versus dimensionless bed
height as a function of bed fraction(χ) with the remaining parameters at base case
conditions.
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Figure 5.5 shows the effect of the Young’s modulus of the bulk particles on the
velocity profile at the base case conditions. As the Young’s modulus decrease, velocity
propagates further into the shear cell. This is explained by the higher Young’s modulus
bed reducing deformation and causing the upper wall to slip across the surface of the bed.
Wall slip is clearly seen at a dimensionless bed height of 0.85. At this height, the lowest
Young’s modulus particle bed is moving at nearly the same velocity as the upper wall.
The stiffer particles at 1*108 Pa show a much greater decrease in velocity with height.
The results at 5*107 Pa and 1*108 Pa are nearly consistent indicating that a critical value
of the Young’s modulus has been reached and the failure plane is near the upper wall.
Figure 5.6 shows the effect of the coefficient of friction on the velocity profile at
the base case conditions. The coefficient of friction has the most dramatic of the
parameters over the range explored in this study. Lower friction coefficients allow
particles to flow more freely. As a result, the velocity profile at low friction coefficients
shows the furthest propagation of momentum. At a friction coefficient of 0.1, the top
quarter of the bed moves almost as plug flow before reducing in velocity. In this case the
shear band is deeper into the bed extending from a dimensionless bed height of 0.75
down to 0.5. The large particle of interest is less effective at impeding the flow of bulk
material at the low friction coefficients. High friction coefficients result in slip of the
upper wall resulting in the top of the bed moving at only half the wall velocity.
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a)

b)

Figure 5.3.4 Dimensionless velocity and b) actual shear rate versus dimensionless bed
height as a function of Young’s Modulus (E) with the remaining parameters at base case
conditions.
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a)

b)

Figure 5.3.5 Dimensionless velocity and b) actual shear rate versus dimensionless bed
height as a function of the friction coefficient (µ) with the remaining parameters at base
case conditions.
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For all velocity profiles, the results showed the formation of a shear band in the
upper third of the shear cell. The material at the bottom of the shear cell moved in unison
with the lower wall exhibiting almost no shear behavior. The results indicate that the
location of the particle of interest is important in the shear cell since if it is near bottom it
will simply move in plug flow and experience only a normal stress. Additionally, the
actual shear rate in the bed reached a peak value of approximately 5 times the overall
target shear rate of the unit cell.
5.3.2

Shear Cell Stress

Figures 5.7 – 5.10 show the effect of parameters on the pressure and deviatoric
stress in the shear cell. The stress is calculated using eqn. 4. The results at the top and
bottom of the shear cell are omitted because they correspond to the upper and lower wall.
Figure 5.7 shows the effect of shear rate on the average pressure and deviatoric
stress in the shear cell at base case conditions. The results show that pressure and
deviatoric stress are not strong functions of bed height. The effect of increasing shear rate
shows a large difference between 0.1 s-1 and the higher shear rates. At a shear rate of 0.1
s-1 the deviatoric stress and pressure are much lower than at the higher shear rates
between 1.0 and 10 s-1. The result is similar to the effect on the velocity profile which
demonstrated a large change between shear rates of 0.1 s-1 and 1 s-1 but a smaller change
for shear rates above that value.
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a)

b)
Figure 5.3.6 a) Pressure and b) deviatoric stress versus dimensionless bed height as a
function of shear rate with the remaining parameters at base case conditions.

Figure 5.8 shows the effect of bulk bed fraction below the particle of interest on
the average pressure and deviatoric stress in the shear cell at base case conditions. Once
again the effect of bed height is not as strong with pressure slightly reducing near the top
of the shear cell. However the effect of bed height fraction shows an interesting result.
For each bed height, the largest pressure and deviatoric stress is found at the approximate
location of the large particle. For example at a bed fraction of 0.6 the peak stress is at the
dimensionless bed height of 0.66, and at a bed fraction of 0.3 the peak stress is at the
dimensionless bed height of 0.42. The result indicates that the placement of the largest
particle corresponds with an increase in pressure and deviatoric stress as momentum is
transferred by the largest particle deeper into the bed. The peak stress is typically 200 Pa
higher than the stress in the nearby height bins. Additionally, higher placement of the
large particle corresponded with lower pressure and deviatoric stress. This is a result of
the large particle residing almost entirely in the shear band and promoting motion of plug
flow seen in figure 5.4 in the top of the shear cell. Additionally without the weight of
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additional bulk material acting on the large particle, the pressure experienced by the large
particle is lower, the higher it is in the shear cell.

a)

b)

Figure 5.3.7 a) Pressure and b) deviatoric stress versus dimensionless bed height as a
function of bed fraction below the particle of interest with the remaining parameters at
base case conditions.

Figure 5.9 shows the effect of Young’s modulus of the bulk material on the
average pressure and deviatoric stress in the shear cell at base case conditions. In general,
higher Young’s modulus of the bulk material corresponds with lower pressure and
deviatoric stress. In the shear band, the pressure and deviatoric stress steadily decrease as
bed height increases. At a Young’s modulus of 1x106 Pa, the results show a drop of about
400 Pa in deviatoric stress and pressure at a bed height of 0.83. This corresponds with the
large decrease in shear rate observed in figure 5.5 b. The shear rate in the bed appears to
have a strong effect on both the pressure and deviatoric stress. The relationship shows the
expected trend with lower shear rates generating lower stress.
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a)

b)
Figure 5.3.8 a) Pressure and b) deviatoric stress versus dimensionless bed height as a
function of Young’s Modulus with the remaining parameters at base case conditions

Figure 5.10 shows the effect of the friction coefficient on the average pressure and
deviatoric stress in the shear cell at base case conditions. Friction coefficient is strongly
correlated with the measured stresses. As the coefficient of friction increases from 0.1 to
1, the stress increases. This is expected since the friction in the bed allows for greater
stress to build up in the bed before the stress network breaks down and induces motion.
An order of magnitude change in the friction coefficient from 0.1 to 1 produces an
increase from approximately 20 to 200 Pa in pressure and approximately 200 to 3000 in
deviatoric stress. The effect of bed height and shear rate does not produce a trend that can
be observed due to the overwhelming effect of the friction coefficient.
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b)

a)

Figure 5.3.9 a) Pressure and b) deviatoric stress versus dimensionless bed height as a
function of the friction coefficient with the remaining parameters at base case conditions

The pressure and deviatoric stress in the shear cell are highly sensitive to many of
the material parameters in the model. The Young’s modulus and especially the friction
coefficient cause large variations in the calculated stress. Additionally, the location of the
large particle changes the stress network within the bed and changes the location of the
peak pressure and deviatoric stress in the bed. The location of the large particle typically
coincides with the peak pressure and stress within the bed. Finally, the shear rate in the
bed also affects the stress. The shear band at the top of the unit cell shows the greatest
variation in stress as a function of bed height.
5.3.3

Particle of Interest Stress

The stress tensor of the large particle of interest is calculated with eqn. 5.7. The
pressure and deviatoric stress are determined using eqn. 5.5 and 5.6. For each value, the
error bars represent the estimated standard deviation of the average stress for all sampled
time steps. Figure 5.11 – 5.13 shows the result of the stress on the large particle of
interest.
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Figure 5.11 shows the pressure and deviatoric stress on the large particle as a
function of shear rate for each location of the large particle. The effect of shear rate is
negligible with in the standard deviation of the measurement and has a value of around
250 Pa for the pressure and 275 Pa for the deviatoric stress. Figure 5.4 demonstrated that
the location of the shear band varied with the location of the large particle and figure 5.8
demonstrated that the peak stress was also a function of the location of the large particle.
The combined results indicate that the large particle itself has a stronger effect on the
stress in the shear cell than the shear cell does on the large particle. That is to say that the
maximum stress in the shear cell is at the location of the large particle regardless of the
location of the large particle in the bed.
Figure 5.12 shows the effect of the Young’s modulus of the bulk material on the
particle of interest stress. Figure 5.12 a shows the effect at a bed fraction of 0.4 and figure
5.12 b shows the effect at a bed fraction of 0.5. In both cases, the stress transmitted to the
large particle increase from 100 to 400 Pa with increasing Young’s modulus from 1x106
to 1x108 Pa. At low Young’s modulus, the more elastic materials transmit less stress to
the large particle than the stiffer bulk material at high Young’s modulus. The bed height
of the large particle does not have an appreciable effect on stress profile. This is
consistent with the results for the shear profile and stress described earlier. The results
show that over the two order of magnitude range of Young’s modulus used in the
simulation the stress profile increase by a factor of 4.
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a)

b)

c)

d)

Figure 5.3.10 Effect of shear rate on pressure and deviatoric stress at a shear rate of 1 s-1
and bed fractions of a) 0.3 b) 0.4 c) 0.5 and d) 0.6
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a)

b)

Figure 5.3.11 Effect of the young’s modulus of the bulk material on the stress
experienced by the particle of interest at a shear rate of 1 s-1 and bed fraction of a) 0.4
and b) 0.5

Figure 5.13 demonstrate the effect of the coefficient of friction on the stress
applied to the large particle. The pressure applied to the large particle does not show a
strong dependence on the coefficient of friction at a value of approximately 300 Pa.
However, the deviatoric stress shows a very strong dependence. The deviatoric stress
increases from about 25 to 300 Pa, an order of magnitude, for an order of magnitude
increase in the friction coefficient. This result is due to the ability of the bulk material to
more easily move around the large particle of interest rather than apply a deviatoric stress.
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Figure 5.3.12 Effect of the coefficient of friction on pressure and deviatoric stress at a
shear rate of 1 s-1

The results of the stress applied to the large particle show the same effects that
were observed for the stress and velocity profiles. In all cases, the effect of material
properties was demonstrated to have a much large effect on the stress than the shear rate.
5.3.4

von Mises yield criterion

Tables 5.3 – 5.5 show the calculated results of the von Mises yield criteria for the
large particle of interest. The von Mises yield criteria is the critical yield stress that below
which an object will deform under the applied stress. Table 5.3 shows the critical yield
stress to resist deformation obtained by varying the design parameters of the unit cell.
Table 5.4 shows the result as a function of Young’s modulus, and Table 5.5 shows the
result of the friction coefficient. The results show that for all cases other than the lowest
Young’s modulus, the critical yield stress is on the order of 1000 kPa. Based on the
results of the yield stress measurements in chapter 3 (0.1 – 1 kPa), the stress applied to
the large particle will be enough to cause deformation and potentially breakage for all
shear conditions in the shear cell. Even though the material parameters have an effect on
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the critical yield stress value, the values is still several order of magnitude above the
measured yield stress.
Table 5.3 von Mises yield criterion varying shear cell parameters
Yield Stress (kPa)
0.3
0.4
0.5
0.6

bed
fraction

Shear Rate (s-1)
1
5
1060
1140
1250
1230
1250
1210
1190
1150

0.1
1170
1140
1150
1230

10
1160
1240
1140
1110

Table 5.4 von Mises yield criterion varying Young’s modulus
1E+06
Yield
Stress
(kPa)

Young's modulus
1E+07
5E+07

1E+08

1250

1570

409

1950

Table 5.5 von Mises yield criterion varying friction coefficient
Friction coefficient
0.1
0.5
1.0
Yield
stress
(kPa)

1250

5.4

1470

1510

Conclusions

The shear unit cell demonstrated the importance of large particle placement and
material properties on the shear flow within the cell. The actual shear rate in the shear
cell was found to a factor of 4 times greater in the shear band than the macroscopic target
shear rate. The shear profile and propagation of momentum depended strongly on the
Young’s modulus, coefficient of friction, and large particle placement and less on the
actual shear rate.
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The DEM unit shear cell demonstrated that the effect of varying shear cell
parameters such as the placement of the large particle and the shear rate had a much
lower effect on the stress than the material properties. Obtaining quantitative results from
the DEM simulations requires very careful characterization of material properties and
validating them with experiments. However the results demonstrated that for all
conditions in the shear cell, the von Mises yield criteria was much greater than the yield
stress of the surfactant experimentally determined in chapter 3.
The shear unit cell needs to be validated against a physical unit cell to determine
if the yield conditions predicted by the model are achieved in a real system. Important
validation points include the flow profile and whether or not a material deforms in the
shear band. Material of various yield stress will allow for the calibration of the model.
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CHAPTER 6. CONCLUSIONS AND RECOMENDATIONS

6.1

Major Conclusions

The major conclusions of this work are summarized below.
In chapter 3:
1. Mechanical dispersion of semi-solid surfactant binders in a pin mixer is a
breakage process where the breakage rate is dominated by the number of potential
impacts of the pin with surfactant nuclei particles;
2. Due to the high impact velocity in the pin mill, the Stokes deformation number of
collisions substantially exceeds the critical value required for failure, except for
extremely stiff pastes. Therefore, the rate of mechanical dispersion is not
controlled by the rheology of the paste.
3. Breakage rate does decrease as paste nuclei size decreases below 1mm, likely due
to the reduced probability that a small particle will be hit by the pin as it passes.
At short times, breakage rate is independent on impeller speed when normalized
by the number of revolutions. At long times, the nuclei size decreases as impeller
speed increases;
4. Achieving the required detergent granule size distribution relies on efficient
mechanical dispersion (breakage) of the paste nuclei with granule growth via
immersion nucleation (layering). Agglomeration of granules or paste nuclei
should be avoided.
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In chapter 4:
1. The full size distribution breakage of semi solid surfactants in the pin mixer can
be modeled using an impact efficiency term times the number of revolutions of
the impeller. As expected from the results in Chapter 3.The efficiency term uses
the Stokes number as the dimensionless group describing breakage efficiency.
2. The model accurately predicts the effect of number of revolutions and tip speed.
By fitting the model to a single impeller speed, the remaining impeller speeds are
accurately predicted by only varying the impeller speed and angular speed in the
model.
3. The properties of different surfactants can be mostly captured in the breakage
distribution function fitting parameter. The efficiency fitting parameters are
equipment dependent and do not need to be re-estimated for new formulations.
In Chapter 5:
1. The results of particle flow and stress are far more sensitive to the material
parameters of the particles than to the macroscopic shear cell parameters. The
coefficient of friction has the greatest effect on both the velocity profile and stress
on the particle.
2. The location of the shear band and the location of the large particle are important
in describing the shear flow but not as important in describing the stress on the
particle. The maximum stress in the shear cell corresponds with the location of the
large particle.
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3. The von Mises yield criteria predicts that for all shear cases investigated in the
shear cell, the surfactants in Chapter 3 will deform. The surfactants would need to
have a yield stress of approximately 1000 kPa to resist deformation.
The three chapters of the thesis demonstrate a robust understanding of mechanical
dispersion in the pin mixer. The rate processes has been mechanistically described using
a semi-empirical model. The results show that the effect of the operating conditions has
been accurate accounted for in the model. However, the higher order effect of changing
surfactant rheology cannot be incorporated in the current model.
6.2

Recommendations for Further Study

This thesis was able to successfully model one rate process in detergent granulation.
However the number of impeller rotations and efficiency approach to modeling
mechanical dispersion may not be applicable to different geometries. Mechanical
dispersion experiments in a vertical high shear mixer or pow mixer would allow for
further understanding of the important mechanisms in mechanical dispersion. The results
of the population balance model were also unable to predict the effect of changing yield
stress on the particle size distribution. The model can be improved by preforming
additional experiments at a constant number of rotations but varying yield strength to
appropriately identify the functional form of the Stokes deformation number.
Additionally, the model population balance model developed is a 1D model. Although
this is sufficient for surfactant breakage, describing additional rate processes will require
more dimensions. The model will need to be converted into a multi-dimensional model so
that it will be compatible with future models.
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Many additional studies are needed before the entire granulation process can be
modeled. While the mechanical dispersion of the surfactant has been described, the
additional rate processes of consolidation and coalescences have not been evaluated.
Further modeling of graduation will require isolating additional rate processes using the
existing experiment as an end point. Detergent granulation uses a pin and plow mixer to
produce granules and so characterizing the plow mixers effect on the pin mixer size
distribution is an important next step in modeling the entire processes.
The DEM simulations have shown that careful experimental validation is
necessary before any quantitative information can be extracted from the model. Shear cell
experiments that correspond to the DEM simulators will allow for model validation.
Once validated, further situations could be performed on the pin or plow mixer
geometries. The results of these simulations could be used to predict the extent of
surfactant breakage.
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Appendix A

Kinetic Data

Confidence intervals are shown for experiments with more than 2 replicates.
sieve
mean
0s
size μm fv(ln(x))
4800
0.435
3400
0.398
2400
0.292
1700
0.190
1200
0.097
855
0.051
605
0.031
427.5
0.013
302.5
0.012
215
0.007

CI +0.561
0.375
0.306
0.283
0.129
0.084
0.041
0.001
0.001
0.042

1s
fv(ln(x))
0.154
0.249
0.463
0.595
0.572
0.391
0.222
0.120
0.043
0.039

Kinetic Data with 90% CI
2s
3s
fv(ln(x))
CI +fv(ln(x))
CI +0.002
0.014
0.003
0.007
0.006
0.003
0.003
0.007
0.048
0.129
0.018
0.018
0.231
0.169
0.109
0.008
0.564
0.147
0.409
0.030
0.759
0.053
0.739
0.025
0.632
0.176
0.746
0.011
0.400
0.193
0.472
0.023
0.178
0.085
0.206
0.018
0.114
0.052
0.130
0.022

CI +0.156
0.028
0.262
0.101
0.180
0.064
0.147
0.035
0.037
0.002

4s
fv(ln(x))
0.000
0.000
0.000
0.023
0.217
0.665
0.881
0.623
0.273
0.173

10 s
CI +0.000
0.000
0.000
0.004
0.036
0.110
0.001
0.065
0.082
0.107

fv(ln(x))
0.000
0.000
0.000
0.000
0.004
0.078
0.540
1.220
0.568
0.302

CI +0.000
0.000
0.000
0.000
0.038
0.073
0.281
0.051
0.188
0.042

Figure A.1 Surfactant A 1200 RPM

sieve
mean
0s
size μm fv(ln(x))
CI +4800
0.348
3400
0.329
2400
0.188
1700
0.177
1200
0.094
855
0.039
605
0.013
427.5
0.013
302.5
0.013
215
0.000

1s
fv(ln(x))
CI +0.174
0.339
0.486
0.547
0.498
0.319
0.189
0.102
0.044
0.059

2s
fv(ln(x))
0.009
0.035
0.123
0.409
0.633
0.698
0.488
0.274
0.122
0.105

Figure A.2 Surfactant A 900 RPM

Kinetic Data with 90% CI
3s
CI +fv(ln(x))
CI +0.000
0.000
0.011
0.107
0.419
0.768
0.739
0.456
0.196
0.139

4s
fv(ln(x))
CI +0.000
0.000
0.000
0.047
0.259
0.764
0.865
0.558
0.249
0.190

10 s
fv(ln(x))
0.000
0.000
0.000
0.000
0.004
0.137
0.851
1.088
0.499
0.287

CI +0.000E+00
0.000E+00
0.000E+00
4.282E-06
9.449E-06
2.741E-05
2.215E-05
6.377E-05
3.177E-05
6.257E-05
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sieve
mean
0s
size μm fv(ln(x))
CI +4800
0.291
3400
0.175
2400
0.119
1700
0.062
1200
0.026
855
0.000
605
0.000
427.5
0.000
302.5
0.000
215
0.000

1s
fv(ln(x))
CI +0.511
0.434
0.370
0.241
0.128
0.050
0.025
0.013
0.025
0.000

Kinetic Data with 90% CI
2s
3s
fv(ln(x))
CI +fv(ln(x))
CI +0.238
0.086
0.495
0.231
0.542
0.514
0.581
0.856
0.335
0.661
0.132
0.277
0.053
0.106
0.030
0.048
0.023
0.059
0.031
0.013

4s
fv(ln(x))
CI +0.059
0.156
0.449
0.814
0.768
0.360
0.159
0.058
0.034
0.036

10 s
fv(ln(x))
0.000
0.000
0.024
0.189
0.801
0.966
0.536
0.230
0.085
0.046

CI +0.0E+00
0.0E+00
6.8E-06
7.7E-05
3.4E-04
1.7E-05
4.6E-04
4.0E-04
1.9E-04
6.2E-05

Figure A.3 Surfactant A 600 RPM

sieve
mean
size μm
4800
3400
2400
1700
1200
855
605
427.5
302.5

0s
fv(ln(x))
0.000
1.254
0.350
0.390
0.336
0.255
0.174
0.090
0.041

CI +0.000
0.365
0.043
0.094
0.112
0.094
0.058
0.025
0.008

1s
fv(ln(x))
0.000
0.135
0.153
0.292
0.551
0.609
0.579
0.407
0.200

CI +0.000
0.146
0.051
0.068
0.052
0.048
0.057
0.040
0.070

Kinetic Data with 90% CI
2s
3s
fv(ln(x))
CI +fv(ln(x))
0.000
0.000
0.000
0.012
0.020
0.007
0.047
0.039
0.024
0.107
0.069
0.042
0.341
0.080
0.150
0.597
0.040
0.484
0.817
0.102
0.921
0.643
0.093
0.840
0.358
0.069
0.449

CI +0.000
0.011
0.038
0.019
0.043
0.065
0.040
0.048
0.063

10 s
fv(ln(x))
0.000
0.000
0.000
0.004
0.031
0.334
1.077
1.042
0.425

CI +0.023
0.002
0.002
0.035
0.125
0.184
0.019
0.072
0.070

10 s
fv(ln(x))
0.002
0.001
0.002
0.009
0.239
0.967
1.012
0.505
0.186

CI +0.000
0.000
0.000
0.024
0.104
1.032
0.208
0.883
0.478

Figure A.4 Surfactant B 1200 RPM

sieve
mean
0s
size μm fv(ln(x))
CI +4800
0.472
3400
0.328
2400
0.213
1700
0.182
1200
0.094
855
0.042
605
0.024
427.5
0.015
302.5
0.009

1s
fv(ln(x))
0.187
0.383
0.449
0.632
0.529
0.296
0.161
0.078
0.084

Figure A.5 Surfactant B 900 RPM

Kinetic Data with 90% CI
2s
3s
CI +fv(ln(x))
CI +fv(ln(x))
0.005
0.033
0.004
0.145
0.089
0.014
0.311
0.145
0.014
0.678
0.191
0.218
0.733
0.074
0.642
0.524
0.064
0.874
0.308
0.054
0.666
0.154
0.027
0.390
0.066
0.001
0.111

CI +-
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sieve
mean
1s
size μm fv(ln(x))
CI +4800
0.424
3400
0.440
2400
0.452
1700
0.547
1200
0.522
855
0.291
605
0.190
427.5
0.055
302.5
0.007

2s
fv(ln(x))
CI +0.000
0.013
0.120
0.453
0.773
0.668
0.499
0.288
0.115

Figure A.6 Surfactant B 600 RPM

Kinetic Data with 90% CI
3s
4s
fv(ln(x))
CI +fv(ln(x))
CI +0.000
0.000
0.002
0.023
3.2E-02 0.001
0.169
2.0E-01 0.002
0.430
2.9E-01 0.009
0.774
1.8E-01 0.239
0.732
1.5E-01 0.967
0.490
2.5E-01 1.012
0.229
2.0E-01 0.505
0.086
1.1E-01 0.186

10 s
fv(ln(x))
CI +0.000
0.000
0.016
0.306
1.073
0.924
0.412
0.155
0.058
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Appendix B

Full size distributions of breakage model

The full size distributions for the gSOLIDS are shown here.
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Figure B.1 Particle size distributions of model and experiments for Surfactant A at 900
RPM fit to 1200 RPM experiment data.
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Figure B.2 Particle size distributions of model and experiments for Surfactant A at 600
RPM fit to 1200 RPM experiment data.
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Figure B.3 Particle size distributions of model and experiments for Surfactant A at 900
RPM fit to all experiment data.
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Figure B.4 Particle size distributions of model and experiments for Surfactant A at 600
RPM fit to all experiment data.
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Figure B.5 Particle size distributions of model and experiments for Surfactant B at 900
RPM fit to 1200 RPM experiment data.

163

0.4

0.5

Experimental

0 sec (initial)

Model

Mass fraction

Mass fraction

0.5

0.3
0.2
0.1
0.0

0.4

Model

0.3
0.2
0.1
0.0

100

1000

10000

100

Size (micron)

0.4

0.5

Experimental

2 sec

Model

0.3
0.2
0.1
0.0

0.4

1000

Model

0.3
0.2
0.1

10000

100

0.5

Experimental

4 sec

1000

10000

Size (micron)

Model

Mass fraction

Mass fraction

Experimental

3 sec

Size (micron)

0.4

10000

0.0
100

0.5

1000

Size (micron)

Mass fraction

Mass fraction

0.5

Experimental

1 sec

0.3
0.2
0.1
0.0

0.4

Experimental

10 sec

Model

0.3
0.2
0.1
0.0

100

1000

Size (micron)

10000

100

1000

10000

Size (micron)

Figure B.6 Particle size distributions of model and experiments for Surfactant B at 900
RPM fit to 1200 RPM experiment data.
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